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Learning Rates for Nonconvex Pairwise Learning

Shaojie Li

Abstract—Pairwise learning is receiving increasing attention
since it covers many important machine learning tasks, e.g., metric
learning, AUC maximization, and ranking. Investigating the gener-
alization behavior of pairwise learning is thus of great significance.
However, existing generalization analysis mainly focuses on the
convex objective functions, leaving the nonconvex pairwise learning
far less explored. Moreover, the current learning rates of pairwise
learning are mostly of slower order. Motivated by these problems,
we study the generalization performance of nonconvex pairwise
learning and provide improved learning rates. Specifically, we
develop different uniform convergence of gradients for pairwise
learning under different assumptions, based on which we charac-
terize empirical risk minimizer, gradient descent, and stochastic
gradient descent. We first establish learning rates for these algo-
rithms in a general nonconvex setting, where the analysis sheds
insights on the trade-off between optimization and generalization
and the role of early-stopping. We then derive faster learning
rates of order O(1/n) for nonconvex pairwise learning with a
gradient dominance curvature condition, where n is the sample
size. Provided that the optimal population risk is small, we further
improve the learning rates to O(1/n?2), which, to the best of our
knowledge, are the first O (1/n?) rates for pairwise learning.

Index Terms—Generalization performance, learning rates,
nonconvex optimization, pairwise learning.

1. INTRODUCTION

AIRWISE learning focuses on learning tasks with loss
functions depending on a pair of training examples, and
thus has a great advantage in modeling relative relationships be-
tween paired samples. As an important field of modern machine
learning, pairwise learning instantiates many well-known learn-
ing tasks, for instance, similarity and metric learning [10], [30],
[45], [55], AUC maximization [15], [16], [21], [42], [52], [77],
[83], [86], [91], bipartite ranking [1], [12], [13], [57], gradient
learning [60], [61], [85], minimum error entropy principle [23],
[28], multiple kernel learning [35], and preference learning [20],
etc.
Since its significance, there has been an increasing interest
in the generalization performance analysis of pairwise learning
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to understand why it performs well in practice. Generalization
analysis investigates how the predictive models learned from
training samples behave on the testing samples, which is one
of the primary interests in the machine learning community [6],
[34], [43], [54], [80]. In contrast to the classical pointwise learn-
ing problems where the loss function involves single instances,
pairwise learning loss contains pairs of training samples. This
coupled construction leads to the fact that the empirical risk of
pairwise learning has O (n?) dependent terms if there are n train-
ing samples [38]. The fundamental assumption of independent
and identical distributed (i.i.d.) random variables for sample is
thus violated for the empirical risk of pairwise learning, which,
unfortunately, renders the standard generalization analysis in the
i.i.d. case not applicable in this context.

There are many existing studies on the generalization perfor-
mance of pairwise learning, but most of them have the following
limitations. First, they mostly study specific instantiations, for
instance, metric learning, bipartite ranking or AUC maximiza-
tion [37]. On the contrary, there is far less work studying the
general framework of pairwise learning [36], [38]. Second, they
typically require convexity conditions [38]. In the related work
of studying the general pairwise framework, [31], [49], [78]
investigate online pairwise learning, which is different from the
offline setting of this paper. And [64], [71] study the variants of
stochastic gradient descent (SGD). The most related works to
this paper are [36], [37], [38]. In [37], the authors study the gen-
eralization performance of regularized empirical risk minimizer
(RRM) via a peeling technology in uniform convergence. In [36],
the authors establish the relationship between the generalization
measure and algorithmic stability, and then use this connection
to study the generalization performance of RRM and SGD.
While in [38], the authors conduct a systematic generalization
analysis of SGD under milder assumptions via algorithmic sta-
bility and uniform convergence of gradients. However, the above
works [31], [36], [37], [38], [49], [64], [71] are almost limited
to convex learning, and even often require the restrictive strong
convexity condition. An exception is [38], where nonconvex
learning is involved. Third, in [38], the authors only investigate
the SGD, where there are two learning rates derived for noncon-
vex pairwise learning. One is of order O(y/d/n), provided with
high probability under general nonconvex assumptions, while
another is of order (’)(n’%), provided in expectation under an
extra gradient dominated assumption [38], where n is the sample
size and d is the dimension of parameter space. However, one
can see that these rates are of slower order.

Motivated by these limitations, we provide a systematic and
improved generalization analysis for nonconvex pairwise learn-
ing. Our contributions are summarized as follows.
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® We study the generalization performance of the rarely
explored nonconvex pairwise learning problems. Our anal-
ysis is performed on the general pairwise learning frame-
work and spans empirical risk minimizer (ERM), gradient
descent (GD), and stochastic gradient descent (SGD).

o We first consider the general nonconvex learning and obtain
learning rates for these algorithms. Our analysis reveals
that the optimization and generalization should be balanced
to achieve good learning rates, which sheds insights on the
role of early-stopping. The derived learning rates are based
on our developed uniform convergences of gradients for
pairwise learning, which may be of independent interest.

e We then study the nonconvex learning with a commonly
used curvature condition, i.e., the gradient dominance
assumption. We establish faster learning rates of order
O(1/n). If the optimal population risk is small, we further
improve this learning rate to O(1/n?). To our best knowl-
edge, the O(1/n) rate is the first for nonconvex pairwise
learning, and the O(1/n?) rate is the first for pairwise
learning, whether in convex learning or nonconvex learn-
ing. In summary, this work provides a comprehensive and
systematical analysis on the generalization properties of
nonconvex pairwise learning.

This paper is organized as follows. The related work
is reviewed in Section II. In Section III, we introduce
the notations and present our main results. We provide
the proofs in Section IV. Section V concludes this pa-
per. Some discussions and proofs are deferred to the Ap-
pendix, which can be found on the Computer Society Digital
Library at http://doi.ieeecomputersociety.org/10.1109/TPAMI.
2023.3259324, including a systematic comparison with the re-
lated work.

II. RELATED WORK

This section introduces the related work on generalization
performance analysis of pairwise learning based on different
approaches.

Algorithmic stability is a popular approach to study the
generalization performance of pairwise learning. It is also a
fundamental concept in statistical learning theory [8], [9], [33],
which has a deep connection with learnability [65], [68], [70].
A training algorithm is stable if small changes in the training
set result in small differences in the output predictions of the
trained model [8]. [1], [22] establish the relationship between
generalization and stability for ranking. [30], [76] study the
regularized metric learning based on stability. [29], [81] con-
sider differential privacy problems in pairwise setting. [71] uses
stability to study the trade-off between the generalization error
and optimization error for a variant of pairwise SGD. [36] starts
the studying of pairwise learning framework via algorithmic
stability. They provide an improved stability analysis based
on [9], and further use it to establish learning rates for RRM
and SGD. [38] further provides generalization guarantees for
pairwise SGD under milder assumptions. Although algorithmic
stability has been widely employed in pairwise learning, it
generally requires convexity assumptions [38], which means

that the above studies are mostly limited to convex learning.
Moreover, the strong convexity condition is often required when
establishing faster learning rates. However, it is known that the
strong convexity condition is too restrictive [32].

Another popular approach employed for pairwise learning
is uniform convergence [4], [5], [46], [56]. An advantage of
uniform convergence is that it can imply meaningful learning
rates for nonconvex learning [17], [19], [36], [38], [58]. In the
related work of uniform convergence, [10], [12], [13], [42],
[45], [52], [571, [671, [741, [83], [84], [86], [92] focus on the
specific instantiations of pairwise learning, i.e., metric learning,
ranking or AUC maximization. They often bound the general-
ization gap by its supremum over the whole (or a subset) of
the hypothesis space. Then, some space complexity measures,
including VC dimension, covering number, and Rademacher
complexity, can be adapted to prove the learning rates. Although
some work above doesn’t require the convexity condition, they
don’t study the pairwise learning framework. [37] studies the
pairwise learning framework via the uniform convergence tech-
nique. But they require a strong convexity assumption. In a very
recent work, [38] develops uniform convergence of gradients for
pairwise learning based on [39], and further uses it to investigate
the learning rates of SGD in nonconvex pairwise learning. The
uniform convergence of gradients has recently drawn increasing
attention in nonconvex learning [17], [19], [39], [58], [79] and
stochastic optimization [53], [88], [89], which is a gap between
the gradients of the population risk and the gradients of the
empirical risk. However, these works are limited to the pointwise
learning setting. In this paper, we study the more complex
pairwise learning and provide improved uniform convergence of
gradients than [38], based on which we investigate the learning
rates for generalization performance of nonconvex pairwise
learning. As discussed before, the dependency in the empirical
risk hinders the standard i.i.d technique. To overcome this diffi-
culty, we need to decouple this dependency so that the standard
generalization analysis established for independent data can be
applied to this context. Furthermore, we develop different uni-
form convergence of gradients under different assumptions. For
the demand of the proof, we also create two more general forms
of the Bernstein inequality of pairwise learning, which may be
of independent interest and benefit the Bernstein inequality’s
broader applicability (please refer to Appendix B, available in
the online supplemental material, for details).

Except for the algorithmic stability and uniform convergence,
convex analysis is employed in online pairwise learning [31],
[78]. The tool of integral operator is also used to study the
generalization of pairwise learning, but is often limited to the
specific least square loss functions [23], [87].

III. MAIN RESULTS
A. Preliminaries

Let P be a probability measure defined over a sample space Z
and P, be the corresponding empirical probability measure. Let
f(,2,2") : W R be arandom objective function depending
on random variables z, 2z’ € Z, where WV is a parameter space
of dimension d. In pairwise learning, we aim to minimize the
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following expected risk
F(W) = Ez,z’ [f(wa 2, Z/)]7 (1)

where E, . denotes the expectation with respect to (w.r.t.)
2,2 ~ P.In (1), F(w) is also referred to as population risk.
z and 2’ can be considered as samples, w can be interpreted
as a model or hypothesis, and f(-,-,) can be viewed as a loss
function.

A well-known example of (1) is the pairwise supervised
learning. Specifically, in the supervised learning, Z = X x Y
with X C R? being the input space and ) C R being the
output space (d’ may not equal to d). Let S = {z1,...,2,} be
a training dataset drawn independently according to P, based
on which we wish to build a prediction function h : X — R or
h: X x X — R. Considering the parametric models, in which
the predictor h., can be indexed by a parameter w € W, and
defining ¢(w; z, ') as the loss that measures the quality of hy,
over z,2 € Z, where £ : W x Z x Z — R, the corresponding
expected risk of supervised learning can be written as

F(w) =E, . [{(w; z,2)]. (2)

In contrast to the traditional pointwise learning problems where
the quality of a model parameter w is measured over an individ-
ual point, a distinctive property of (2) is that the performance of
hw should be quantified on pairs of data samples. Note that the
minimization of (1) is more general than supervised learning in
(2) and could be more challenging to handle [68], [70].

From (1), we know that the population risk F'(w) measures the
prediction performance of w over the underlying distribution.
However, P is typically not available and what we get is only
a set of i.i.d. training samples S. In practice, we minimize the
following empirical risk as an approximation [75]

1
Fs(w)s o Z F(wizs z), 3)
i,j€[n],i#]
where [n] = {1,...,n}. In optimizing (3), some popular algo-

rithms are proposed including empirical risk minimizer (ERM),
gradient descent (GD), and stochastic gradient descent (SGD).
For this reason, we will provide generalization analysis for
these algorithms. We now introduce some notations used in
this paper. Denote || - || to be the L, norm in R, i.e., |[w|| =

1
(Z?Zl |wz|2> * Letw* be the best parameter within ), satisfy-
ing w* € argminyy F(w). Let B(wg, R) := {w € R : [|w —
wol|| < R} denote a ball with center wy € R? and radius R. We
assume that there is a radius R; such that VW C B(w*, Ry). Let
e be the base of the natural logarithm.
For a better understanding of the pairwise learning framework
(1)—(3), we provide two examples to explain it.
® Bipartite ranking. In ranking problems, we aim to learn
a good estimator hy, : X X X +— R which can correctly
predict the ordering of pairs of binary labeled samples,
i.e., predicting y > ¢/ if hyw(z,2") > 0. The performance
of hy at examples (z, z’) can be measured by choosing
the 0 — 1 loss. However, the 0 — 1 loss is hard to be opti-
mized in practice, one often employs surrogate losses [14].
By considering the convex surrogate losses ¢ : R — R,

the loss function of ranking is of the form f(w;z,z') =
L(sign(y — y')hw(z,2")), where sign(x) is the sign of x.
Common choices of the surrogate loss ¢ include the hinge
loss and the logistic loss [59].

® Metriclearning. Let’s consider the supervised metric learn-
ing with the label space J = {—1, +1}. Under this setting,
we want to learn a distance metric function hy, (z,2") =
(w, (x — 2')(z — 2')T) such that a pair (x,z') of inputs
from the same class (y = y’) are close to each other while
a pair from different classes (y # ') have a large distance
hw (, ') [38], where zT denotes the transpose of x € RY
andw € R?*?, Similarly, considering the convex surrogate
loss function ¢, a common choice of the loss function in
supervised metric learning is of the form f(w;z,2') =
L(yy' (1 — hyw(z,2))) [30], [38]. Moreover, one can re-
fer to [45] for examples of unsupervised metric learning,
where the authors study the similarity-based clustering
learning under the framework of pairwise learning.

B. Uniform Convergence of Gradients

Uniform convergence of gradients measures the deviation
between the population gradients V' and the empirical gra-
dients VFg, where V denotes the gradient operator. In this
subsection, we aim to provide improved uniform convergence
of gradients than the associated one in [38]. Before providing
the main theorems, we first introduce a crucial assumption.

Assumption 1. For all wi,wo € W, we assume that
Vf(wi;2,2")=V f(wa;z,2")
w1 —wa]|
i.e., for any unit vector u € B(0,1) and w1, wa € W,

e foup (W02 = Tz D)

Yllwi — wal| -

is a ~y-sub-exponential random vector,

where v > 0.

Remark 1. This assumption is stronger than the smoothness
of the population risk, but much milder than the uniform smooth-
ness condition (Assumption 4). Please refer to Section IV-A for
the proof.

Based on Assumption 1, we have the first theorem on uniform
convergence of gradients.

Theorem 1. Suppose Assumption 1 holds. Then for any ¢ €
(0, 1), with probability 1 — ¢, for all w € W, we have

[(VE(w) = VEs(w)) = (VE (W) = VEs(w))]

. 1 d+ IOg 4log2(\/5§R1n+1)
< cymaxq [|lw — w||, —
n n

d+lo
N g

4log,(V2Rin+1) )
5
9

n

where c is an absolute constant.

Remark 2. Uniform convergence of gradients is first studied
in convex learning [88], [89]. Recently, uniform convergence
of gradients of nonconvex learning is also proposed based on
different techniques. Specifically, [58] is based on covering num-
bers, [19] is based on a chain rule for vector-valued Rademacher
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complexity, [39] is based on Rademacher chaos complexity, [17]
is based on the gradient of the Moreau envelops, and [79] is based
on a novel uniform localized convergence technique. However,
the above-mentioned works are limited to the pointwise learning
case. In Theorem 1, we present the uniform convergence of
gradients for the more complex pairwise learning. As discussed
in Section II, a key difference between pointwise learning and
pairwise learning is that the gradient of the empirical risk in
pairwise learning (see (3)) involves O(n?) dependent terms,
which makes the proof of Theorem 1 more challenging.

We now introduce a Bernstein condition at the optimal point,
based on which we will show Theorem 2.

Assumption 2. The gradient at w* satisfies the Bernstein
condition, i.e., there exists D, > 0 such that forall 2 < k < n,
k!
2

Remark 3. Assumption 2 is pretty mild since D, > 0 only
depends on gradients at w*. Moreover, the Bernstein condition
is milder than the bounded assumption of random variables and
is also satisfied by various unbounded variables [75]. Please refer
to [75] for more discussions on this assumption.

Theorem 2. Suppose Assumptions 1 and 2 hold. For any ¢ >
0, with probability at least 1 — 9, for all w € W, we have

E[IVf(w"522)"] < SE[IVf(w'2,2)|*] DE2.

1
IV F(w) = V()] < eymas { hw < w']. -}

\/d+logw d + log
X 17
n n

8logy (V2R1n+1)
5

| 4D.log} - [BE[|Vf(wiz )P og 4
n n

where c is an absolute constant.

Remark 4. There is only one existing result guaranteeing uni-
form convergence of gradients for pairwise learning, developed
in [38]. We now compare our uniform convergence of gradients
with [38]. Under uniformly smooth assumption (Assumption
4), [38] shows that with probability at least 1 — §

sup [|[VF(w) = VEg(w)|
weB(0,R)
< ¢(BR+ )

(2 + v/96¢(log 2 + dlog(3e)) —|—\/10g(1/§)),
“)

where b= sup, .z |V f(0;2,2')|. Compared with (4), we
successfully relax the uniform smoothness assumption to a
milder Assumptions 1. Moreover, the factor in (4) is ¢(SR + b),
while in Theorem 2 is ¢y max{|[w — w*||, 1}, not involving
a term sup, ez |V f(0;2,2")| that may be very large. And
we emphasize that it is the construction of the factor that
allows us to derive improved learning rates when considering
Assumption 3. The proof techniques of bounding the term
SUPwen(0,r) || VE (W) — VFs(w)|| in [38] rely on the McDi-
marid’s inequality and the global Rademacher complexity. Dif-
ferent from the technique in [38], we use the uniform localized

Y

convergence (localized complexity technique) proposed in [79],
i.e., Lemma 1 in the Appendix, available in the online supple-
mental material. However, [79] studies the pointwise setting.
We study the uniform convergence of gradients for the more
complex pairwise learning. The influence is that, for instance,
in the proof of Theorem 1, after obtaining the sub-exponential
random variable of (12) by following the proof of [79], we need
Bernstein inequalities of pairwise learning for the unbounded
random variable, which is different from the commonly used
Bernstein inequalities for the bounded random variable. As
discussed in Section II, the loss structure of pairwise learning
hinders the standard i.i.d technique. To proceed, we need to
decouple the dependency that emerged in pairwise learning.
Please see Lemmas 6 and 8 in the appendix, available in the
online supplemental material, for details. Then, using the generic
chaining technique and Lemma 1 in the Appendix, available in
the online supplemental material, we finish the proof.

In the following, we further provide an improved uniform con-
vergence of gradients when the PL curvature condition (gradient
dominance condition) is satisfied.

Assumption 3. Fix a set WW. For any function f : W — R, let
f* = mingew f(w). f satisfies the Polyak-Eojasiewicz (PL)
condition with parameter p > 0 on W if

flw) — f* < illvf(W)llz, Yw e W,

Remark 5. PL condition is also referred to as “gradient dom-
inance condition” [19]. This condition means that the subop-
timality of function values can be bounded by the squared
magnitude of gradients, which can be used to bound how far
away the nearest minimizer is in terms of the optimality gap. Itis
one of the weakest curvature conditions and is widely employed
in nonconvex learning [11], [32], [38], [39], [41], [66], [79],
[93], to mention but a few. Under suitable assumptions on the
input, many popular nonconvex objective functions satisfy PL
condition, including neural networks with one hidden layer [48],
ResNets with linear activations [24], robust regression [50],
linear dynamical systems [25], matrix factorization [50], phase
retrieval [73], blind deconvolution [47], mixture of two Gaus-
sians [3], etc. Furthermore, the PL condition is assumed on
the parameter w, not the sample. Thus, the PL condition of
pointwise learning can be easily extended to pairwise learn-
ing. We now take AUC maximization as an example to illus-
trate this point. Specifically, AUC maximization aims to rank
positive instances above negative ones which involves a loss
f(W; (z,y), (.’177/ y/)) = (1 - WT(x - .%'/))+]I[y:1/\y/:71] with
r,2' € X CR? and y,y’ € Y = {£1}. Consider the problem
of learning a generalized linear model with the square loss, the
loss of pointwise learning is f(w;x,y) = (y — logit(wT z))?,
where logit(t) = (1 +exp(—t))~L. In Section Il of [19],
it was shown that this loss satisfies the PL condition. In
this case, the loss function for the problem of AUC maxi-
mization becomes f(w; (z,), (z,/v')) = (1 — logit(wT (x —
a')))?I[y=1 A y=—1]- Since the PL condition focuses on the
parameter w, this loss of AUC maximization also satisfies the
PL condition, as shown in [82]. Moreover, AUC maximization
problem with the classifier given by a one hidden layer network
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satisfies the PL condition as shown in Theorem 4 in [51], corre-
sponding to the pointwise learning in [48]. Additionally, under
technical restrictions, such as the smoothness of Assumption 4,
many other well-known conditions including strong convexity,
one-point convexity, star convexity and 7-star convexity imply
the PL condition [32].
Theorem 3. Assume Assumptions 1 and 2 hold. Suppose the
population risk F' satisfies Assumption 3 with parameter .
cy? (d+log 7810?;2(\/?%1”4—1) )
Then for any § > 0, when n > >

, with
probability at least 1 — ¢, for all w € W, W% have

IVE(w) = VEs(w)| < [VEs(w)| + &

» )

8D, log(4/9) 2E [||V f(w*; 2, 2")]|%] log(4/6)
+ +4
n n
where c is an absolute constant.
Remark 6. Note that w* cannot be any minimizer of F'. w*
should be the projection of w onto the minimizer of F'. It depends
on w. For Theorem 3, it is clear that (5) implies

W
IVEw)| < 2[[VEs(w)]| + =

| 8D.log(4/3) \/ZE[IIVf(w*; =) PIog(4/)

n n
Typically, we call |[VFs(w)|? the optimization error and
|VEs(w) — VF(w)||? the statistical error (or generalization
error) [39], since the former is related to the optimization al-
gorithm to optimize Fls, and the latter is related to approxi-
mating the true gradient with its empirical form. In Theorem
3, |I[VFg(w)]|| can be tiny since the optimization algorithms,
such as GD and SGD, can optimize it to be small enough.
E [||Vf(w*; z,2")||?] may be also small since it depends on the
gradient on the optima w* and involves an expectation operator.
First, the bound in (4) scales with sup, ..z ||V f(0;z,2')],
which depends on the worst case of the sample space sup,, ..z
and may be very large, while E [||V f(w*; z, 2)||?] involves an
expectation operator. Second, from (35), one can see that if f
is nonnegative and 3-smooth, we have E[||V f(w*; 2, 2/)[|?] <
48 F(w™). For the overparametrized models, such as the deep
learning models, the population risk at the optima w*, i.e.,
the optimal population risk F'(w*), is generally very small.
In the latter application in Sections III-C, III-D, and III-E,
weassume E [||Vf(w*;2,2')[?] = O (L) or F(w*) = O (2)
just to show that we can get improved bounds under the low
noise condition. The two terms should be independent of n. It is
notable that the assumption F(w*) = O (1), even F(w*) = 0,
is common and can be found in [36], [38], [40], [53], [72], [88],
[89], which is natural since F'(w*) is the minimal population
risk. Moreover, even without the low noise condition, the bounds
with a fast rate established in this paper are still sharper than the
results in the related work. Therefore, compared with Theorems
1 and 2, and (4), this uniform convergence of gradients is clearly
tighter. Moreover, the fact that our established convergence of
gradients scales tightly with the optimal parameter, i.e., the
gradient norms at the optima w*, largely contributes to derive
faster O(1/n?) rates of this paper, which is aremarkable advance

compared to (4). The appearance of E [[|V f(w*; z, 2')||?] re-
quires technical analysis. Additionally, an obvious shortcoming
of uniform convergence is that it often implies learning rates with
a square-root dependency on the dimension d when considering
general problems [18], as shown in (4), and Theorems 1 and
2. Another distinctive improvement of Theorem 3 is that we
successfully remove the dimension d when the population risk F'
satisfies the PL condition and the sample size n is large enough.
Based on Theorem 3, we will provide dimension-independent
learning rates for ERM, GD, and SGD. In addition to these
algorithms, the uniform convergence of gradients in this paper
can be employed to study other optimization algorithms, such as
variance reduction variants and momentum-based optimization
algorithms [62], which would also be very interesting.

C. Empirical Risk Minimizer

Generalization performance means the generalization behav-
ior of the trained model on testing examples. Let w(S) be the
learned model produced by some algorithms on the training set
S. InSections II-C, I1I-D, and I11-E, we first consider the general
nonconvex learning problems and present the learning rate for
the gradient norm of the population risk, i.e., |VE(w(S))].
After that, we study the noconvex learning with the PL condition
and provide learning rates for the generalization performance
gap F(w(S)) — F(w*), where w* € arg minyeyy F(w). In
this section, we consider the ERM problem. In ERM, we fo-
cus on the optima w* of the empirical risk Fg, i.e., W* €
arg mingyey Fs(w).

Theorem 4. Suppose the empirical risk minimizers w* exists.
Assume Assumptions 1 and 2 hold. For any § € (0,1), with
probability at least 1 — §, we have

d+1 logn
IVEE)| =0 ||| i

Remark 7. When Assumptions 1 and 2 hold, Theorem
4 shows that the learning rate of |[VF(w*)| is of order

1

@) Cmsg“) (logn is small and can be ignored typically).
Note that this bound does not require the uniform smoothness
condition (Assumption 4). Although it is hard to find w* in
nonconvex learning, this learning rate is meaningful by assuming
the ERM has been found. Moreover, this learning rate may

be comparable to the classical one O ( %‘)g(dm in
the stochastic convex optimization [69], without requiring the
convexity condition.

Theorem 5. Suppose Assumptions 1 and 2 hold, and the
population risk F'(w) statisfies Assumption 3 with parameter
u. For any 6 € (0,1), with probability at least 1 — ¢, when

cy? <d+log (7810%(\/§;R1+1) ))
2 , we have

n >

log? % +E [||Vf(w*; z,z/)||2] log (15>

n
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Algorithm 1: GD for Pairwise Learning.

Algorithm 2: SGD for Pairwise Learning.

Input: initial point wy; = 0, step sizes {7 }+, and dataset
S = {2’1, .. .,Zn}

l:fort=1,...,7 do

2: update w; 11 = wy — 1, VFg(wy)

3: end for

If further assume E [||V f(w*; 2, 2')[|?] = O (), we have

1
n

F(W") — F(w') =0 (m%m)

n2

Remark 8. Theorem 5 shows that when population risk F'(w)
satisfies the PL condition, we can provide much faster learning
rate than Theorem 4. The learning rate can even up to O (#)
We now compare our result with the most related work [37],
[41]. [37] studies the learning rate of generalization perfor-
mance gap of regularized empirical risk minimizers (RRM) via
uniform convergence technique. Under the Lipschitz continuity
condition and the strong convexity condition, Theorems 1 and

2in [37] provide O (W) order rates. [41] studies the gen-
eralization performance gap of RRM via algorithmic stability.
Under the Lipschitz continuity and strong convexity conditions,

Theorem 3 in [41] provides O MLI\(/’%M> order rates. By

the comparison, we have established much faster learning rates,
significantly, under a nonconvex learning setting.

D. Gradient Descent

We now analyze the generalization performance of gradient
descent of pairwise learning, where the algorithm is shown in
Algorithm 1. Denote A < B if there exists universal constants
C1,C5 > 0 such that C7 A < B < (C5 A. Similarly, we first
introduce a necessary assumption.

Assumption 4 (Smoothness). Let > 0. For any sample
2,2 € Z and wi, wy € W, there holds that

IVf(wisz, 7)) = V(waiz,2)| < Bllwr — wall.

Remark 9. The uniform smoothness condition is commonly
used in nonconvex learning [17], [19], [26], [38], [39], [58]. As
discussed in Section I'V-A, Assumption 4 implies Assumption
1. Thus, the established uniform convergences of gradients is
also correct under Assumption 4. In the following, we require
this assumption to derive the optimization error bound, i.e.,
|V Es(w(9))]]

Theorem 6. Suppose Assumptions 2 and 4 hold and the ob-
jective function f is nonnegative. Let {w;}; be the sequence
produced by Algorithm 1 with i, = n;¢7%, 6 € (0,1) and 1, <
1/f. For any ¢ € (0,1), with probability at least 1 — §, when
T = (nd’l)ﬁ, we have

£l d + log hf?")
Z?:l Mt 1= vnd

Remark 10. To our best knowledge, this is the first work that
investigates the learning rates of GD for nonconvex pairwise

e[ VE(w)|* < O (

Input: initial point wy = 0, step sizes {7 }+, and dataset
S = {2’1, .. .,Z.,L}
l:fort=1,...,7 do
2:  draw (i, j;) from the uniform distribution over the set
{(i,g) 5, € [nl,i # 5}
3: update wiyy = wy — 10,V f(Wy; 2,,25,)
4: end for

learning. Theorem 6 shows that for pairwise GD, one should
select an appropriate iterative number for early-stopping to
achieve a good learning rate. In the proof, (28) reveals that
we should balance the optimization error (optimization) and the
statistical error (generalization), which demonstrates the reason
for early-stopping. According to Theorem 6, the optimal iterative

number should be chosen as T' < (nd 1) 9 for polynomially
decaying step sizes.

Theorem 7. Suppose Assumptions 2 and 4 hold and the ob-
jective function f is nonnegative. Assume the empirical risk Fg
and the population risk F’ satisfy Assumption 3 with parameter
. Let {w;}; be the sequence produced by Algorithm 1 with
n: = 1/5. For any 6 € (0,1), with probability at least 1 — 4,

o5 a11og (1)) )

when n > e , we have

F(wpy) - F(w') <O <(1 _ N)T>

B
o <1og27§21/5> . F(w*):gu/a))

If further assume F(w*) = O (1) and choose 7' < log n, we
have

2
F(wry) — F(w") =0 (W)

Remark 11. For brevity, we show Theorem 7 with a step size
n: = 1/6. Indeed, Theorem 7 is correct for any 0 < 7, < 1/0.
Theorem 7 reveals that when the PL condition is satisfied,
the generalization performance gap of GD is of the order
O (Ev)log(1/6)

- ), faster than the result of Theorem 6. If we

suppose the optimal population risk is small as assumed in [36],
[38], [40], [53], [72], [88], [89], we further obtain faster learning

rate of order (’)(l"gzﬂ)‘

E. Stochastic Gradient Descent

Stochastic gradient descent optimization algorithm has found
wide application in machine learning due to its simplicity in im-
plementation, low memory requirement and low computational
complexity per iteration, as well as good practical behavior [2],
[7]1, [271, [90]. The description of SGD of pairwise learning
is shown in Algorithm 2. We also first introduce a necessary
assumption.

Assumption 5. Assume the existence of G > 0 and o > 0
satisfying

VIV f(we2,2)| <GVt €N, z,2 € Z, (7)

510
511
512
513
514
515
516
517
518
519
520
521
522

523

524
525

526
527
528
529

530

531
532

533

534

535
536
537
538
539
540
541
542
543



544
545
546
547
548
549
550
551
552
553
554

555

556
557
558
559
560
561
562
563
564

565

566
567
568
569
570
571
572
573
574
575
576
577

578

LI AND LIU: LEARNING RATES FOR NONCONVEX PAIRWISE LEARNING

Eit,jt [va(wf7 Ziys th) - VFS(Wt)”Q] < 027Vt S Na (8)

where E;, ;, denotes the expectation w.r.t. ¢; and j;.

Remark 12. In Assumption 5, (7) is much milder than the
bounded gradient assumption (see Appendix A, available in the
online supplemental material) since 7, is typically small [38],
such as the setting of this paper. (8) is a common assumption
in the generalization performance analysis of SGD [38], [44],
[93].

Theorem 8. Suppose Assumptions 2, 4 and 5 hold and the
objective function f is nonnegative. Let {w,}; be the se-
quence produced by Algorithm 2 with 1, = nt7%,6 € (0,1)
and gy < % Then, for any § > 0, with probability 1 — &, when

T = (nd~1)=, we have

T L
(Zm> Sl VE (w1

t=1

0 ((ﬁ)ee log3(1/5)>, i < 1/2,
=10 (/4108(1/5) log3(1/5)>, it =1/2,

o (y/F1a/m).

ifo>1/2.

Remark 13. Similar to Theorem 6, Theorem 8 also implies a
trade-off between the optimization error (optimization) and the
statistical error (generalization) for SGD, as revealed in (36)—
(38). Theorem 8 suggests that we achieve similar fast learning
rates for polynomially decaying step size with 6 € [1/2,1).
While for the varying T =< (nd‘l)ﬁ, the optimal iterative
number should be chosen with 6 = 1/2 or closing to 1/2.
We compare Theorem 8 with the most related work [38]. [38]
also studies SGD of nonconvex pairwise learning, and provide

] (n‘%logQ(l/‘s)(d + log(l/é))%) order rates, which has the

same order O( %) as ours. However, the proof technique
between Theorem 8 and [38] is different. Another difference
is that [38] studies the case 1, = n/v/T with n < \/T/(28),
while Theorem 8 studies with different step sizes. Theorem 8 is
thus served as an important complementary result for nonconvex
pairwise learning.

Theorem 9. Suppose Assumptions 2,4 and 5 hold, and the ob-
jective function f is nonnegative. Suppose the empirical risk Fs
and the population risk F’ satisfy Assumption 3 with parameter
2u. Let {w;}, be the sequence produced by Algorithm 2 with
= m such that to > max{%@, 1} for all ¢ € N. Then,
for any § > 0, with probability at least 1 — § over the sample .S,

B2 (dJrlog( 1610g(\/in]?,1+1) ))

when n > : and T =< n2, we have

logn log3(%)

w*) log &
F(WT+1)—F(W*):O< —l—F( )1g5>.

n? n

If further assume F(w*) = O(2), we have
log nlog®(1/6
F(wry) = F(w') =0 (gngz(/)>

Remark 14. Theorem 9 reveals that under the PL condition,
the learning rate of SGD can be significantly improved com-
pared to Theorem 8. In the related work, if f is nonnegative,
Lipschitz continuous and smooth, Fs satisfies the PL con-
dition, and Assumption 5 hold, the learning rate derived for
E[F(wry1) — F(w*)]in [38] is at most of order O (n’%> .By
a comparison, one can see that our learning rates are derived
with high probability and are significantly faster than the results
in [38]. The generalization performance gap is also studied
for pairwise SGD in [36] via algorithmic stability. However,
their learning rate is limited to convex learning. Specifically,
if f is convex and smooth, F(wr;) — F(w*) is of order

@] (log /T /n + n’%) +0 (T’% log T) . By taking the opti-

mal 7" =< n, the learning rate becomes O (n’% logn |, which is

much slower than results of Theorem 9. To our best knowledge,
the O (%) rate is the first for SGD in nonconvex pairwise
learning, and the O (n%) rate is also the first whether in convex
or nonconvex pairwise learning. Additionally, when we take
T = n, the learning rate of the generalization performance gap
of Theorem 9 is of order lognlfilgg(%), which is still faster than
the existing rates in the related work. Furthermore, please refer
to Table I in Appendix A, available in the online supplemental
material, for a systematic comparison with the related work.
Remark 15. In conclusion, this paper studies two cases: the
general nonconvex learning and then the PL condition. The
results of the general nonconvex learning are general enough to
be extended to other nonconvex settings. When deriving the fast
rate, we need the PL condition. The fast rate cannot be achieved
for free. PL condition is a simple condition that is sufficient
to show a global linear convergence rate for gradient descent.
Moreover, in terms of showing a global linear convergence rate
to the optimal solution, the PL condition is weaker than most
existing conditions [32]. How to relax the PL condition so that
the results can be extended to more nonconvex settings is an

interesting problem and worth further study.

IV. PROOFS

In this section, we provide proofs of theorems in Section III.

A. Proof of Remark 1

Proof. According to the uniform smoothness condition, for
any sample z, 2’ € Z and w1, wo € W, there holds

IVf(wis2,2") = Vf(was 2,2")|| < Bllwi — wa.
Then, for any unit vector u € B(0, 1), we have
[u (Vf(wi;2,2) = V(w23 2,2")]

< [alll[Vf(wisz,2) = Vf(wai 2,2) | < Bllwy — wal,
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which implies

(" (Vf(wi2,2) — Vf(wa; 2, 2))]

<1.
Bllwi — wa
Then we get
B {oxp (L2 TI005 )= VS U |
Bllwi — wa|
So we obtain that vf(wl;zu’vzv?:ziﬁwz"z’z/) is a Z-sub-

exponential random vector, for all wi, ws € W.
Furthermore, when Assumption 1 holds, according to
Jensen’s inequality, we can derive that

exp {E (uT(Vf(Wl;sz/) - Vf(W2;ZaZ/))|)} <o,

Bllwi — wall

which means
E[[Vf(wi;2,2") = Vf(wa;2,2)|| < (In2)8]|wy — wa|
< Bllwi — wal|.
Further by Jensen’s inequality, we obtain
IVE(w1) = VE(w2)|| < Bllwi — wal|.

The proof is complete. 0

B. Proof of Theorem 1

The proof is inspired by the recent breakthrough work [79].
To prove Theorem 1, we need many preliminaries on generic
chaining and two more general forms of the Bernstein inequality
of pairwise learning. Considering the length limit, we leave the
introduction of this part to Appendix B, available in the online
supplemental material.

Proof. We define V= {veR?: |v|] <max{Ry,1}}.
For all (w,v)ceWxV, let gw) = (Vf(w;z,2)—
Vf(w*2,2')v. Also, for any (wi,vy) and (wg,Vva) €
W xV, we define the following norm on the product space
WXV,

1
(W, vi) = (wa, va)[lwxy = (lw1 — wa|* + [[vi — va|*) 2.

Define a ball B(y/r)={(w,v) e WxV:|w—w*?+
|[v||> < r}. Given any (w1,v1) and (wa,vs) € B(y/7), we
make the following decomposition

Iowiv) (2:2) = Glwa s (2, 2)
= (Vf(wi;2,2) = V(W' 2,2") vy
— (Vf(wziz,2) = Vf(wz,2)) v
= (Vf(wi;2,2") = V(w5 2,2)) " (vi = va)
+(Vf(wiiz,2) = Vf(wz;z,2) v
Since (w1, v1) and (w2, va) € B(4/r), there holds that
w1 = wl[[ve = vall < Vr[vi = va

<Vrll(wi, vi) = (Wa, va2)|wxy- 9

that
is a y-sub-exponential random vector

And, according to know
Vi(wi,2,2) -V f(wa,2,2")
[wi—wsl

for all w1, wo € W, which means that

B sy (L 0i2)- VI A 0 v}

Assumption 1, we

Ywi—wHl[lvi = vaf
(10)
Now, combined with (10) and (9), and according to Definition
1 of Appendix B, available in the online supplemental ma-
terial, we know (Vf(wy;2,2") — Vf(w*2,2/) (v — va)
is y/r||(w1,v1) — (Wa, va)||wxp-sub-exponential. Similarly,
we can derive that

w1 = wall[[va|l < Vrlwi — wa|
< Vrll(wi, vi) — (wa, va)[[wxy-

Also, there holds that
5 1 __ . N\T
]E{exp((vf(wlazaz) Vf(WQ,Z,Z)) (VQ))} < 2.

YMwr = wall[|va]|

Thus, we know (Vf(wy;z,2') — Vf(wa;z,2')) vy is also
YT || (w1, v1) — (W2, va)|lwxy-sub-exponential.
Till here, for any (w1, v1) and (wa, v2) € B(y/r), we obtain

e o (F e ) )

wi;2,2) — w2, 2N (vi — va
<z (A )
((Vf(W1;Z7Z’) - Vf(WQ;Z,Z’))T(W))} <9

YVTl[(Wi,vi) — (Wa, va)|lwxy

1
+E{2exp

(1)

where the first inequality follows from Jensen’s inequal-
ity. And (11) means that g(w, v,)(2,2") = Giwa,vs)(2,2') is
a 29y/r||(w1,v1) — (w2, va)|lwxy-sub-exponential random
variable, that is

Hg(whw)(zv Z/) — Y(wa,v2) (2, Z,)HOT'licz—l
(12)

Then, the next step is to apply the Bernstein inequal-
ity of pairwise learning (Lemma 10 of Appendix B, avail-
able in the online supplemental material) to g(w, v,)(2,2") —
G(wa,vs) (2, 2"). From (12), we know that the Bernstein param-
eters of sub-exponential g(w, v,)(2,2") = G(wa,vs)(2,2") are
29/T|[(w1,v1) — (W2, va)|wxy (see Lemma 13 of Appendix
B, available in the online supplemental material). Now, we can
derive that

Pr(|(P = P)lgws vy (2:2) = sy (2: 2]

<29V |[(w, vi) — (Wa, va) |y

> 2'}/\/;H(W1,V1) — (W27V2)HW><V LZT/L]

2

+ 2’7\/{?”(“’1""1) B (W27v2)||WXV U) S 267’“‘, (13)

3]
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where || is the largest integer no greater than % and
“Pr” means probability. According to Definition 3 of Ap-
pendix B, available in the online supplemental material,
(13) implies that the process (P — P,)[g(w,v)(2,2)] has a

mixed sub-Gaussian-sub-exponential increments w.r.t. the met-

ric pair (%,27”-”)4&%/%). Hence, from the
2 2

generic chaining for a process with mixed tail increments in
Lemma 7 of Appendix B, available in the online supplemental
material, for all 6 € (0,1), with probability at least 1 — J, we
have

sup [(P = Po)[gw,v) (2, 2)]]

[w—wr2+]v|><r

<C (72 (B(\/;)J’Y lwxy f&)

+m (B(\/F)?%/TL'J"WXV) +W1Lgf +r 1E§f>

From Lemma 6 of Appendix B, available in the online sup-
plemental material, the ; functional and the ~» functional can
be bounded by the Dudley’s integral, which implies that there
exists an absolute constant C' such that for any 6 € (0, 1), with
probability at least 1 — ¢

sup |(P = Pp)[g(wv) (2, 2)]]
[lw —w (|2 +[lv|[2 <r
d+logt d+logt
< Cor Togs  LE 085 (14)
13 13

where the inequality follows from (B.3) of [79]. Till here, the
next step is to apply Lemma 5 of Appendix B, available in the
online supplemental material, to (14).

We  set  T(f) =|[lw—w*+]v]%  o(r;0)

1
C’yr( d+log5+d+log5>. Since ||W*W*H2+HV”2

[%] [5]
R+ R+ %, we set R=2R?+ 5. And let 7o = 3.

Applying Lemma 5, we obtain that for any ¢ € (0, 1), with
probability at least 1 — §, forallw € Wand v € V,

(P
=(P-

9 5 2 )
<o (e fw = w12 2 L)

B 2
= cymax{ fw - w'IP + V1P, 5 |

IN

Pn)[g(w,v)<zv Z/)]
P [(Vf(w;z,2) = Vw2, 2)"v]

\/d—i—log 210g2(Rn ) . d+10g 210g2(Rn ) (15)
|

5] [3]

Now, we choose v as max{[|lw—w'| 1}
(P—Py)(V(wiz,2)-Vi(w'z,2)) 4
[(P=Pn)(Vf(w;z,2") =V f(w*z,2")| "
max{[|[w — w*||, £} < max{Ry, 2}, which belongs to the
space V. Plugging this v into (15), we obtain that for any

is clear that |v| =

d € (0, 1), with probability at least 1 — ¢, for all w € W,

(P = Pa)(Vf(w;z,2") = V(w2 2))

1
< C'ymax{w—w*||7}
n

3] L3

]

d+ log 210g2(Rn ) d+ log 210g2(Rn )
X [ +

1
< C’ymax{w —w*||,—}
n

\/d—|—10g 210g2(Rn ) d—|—10g 210g2(Rn )

n n

Since R = 2R? + -, (16) thus implies that

’I’L2’

(P = Pa)(Vf(w;2,2) = V(w5 2,2))

1
< C"ymax{|w—w*||7}
n

(16)

\/d+log 4log2(\/6§R1n+1) +d+log4log2(\/6§Rln+1)

n

n

The proof is complete. O
C. Proof of Theorem 2
Proof. From Theorem 1, we have
IVE(w) = VEs(w)]
1
< [VF(w) = V()] + Cymax {fw = w2}
d + log 4logy (V2Rin+1) d+ log 4logy (V2Rin+1)
% ) + 5 ’
n n
a7
where the inequality follows from that |VF(w)—

VFs(w)|| = [[VF(w*) = VFs(w")|| < [(VF(w) —
VEs(w)) — (VF(w*) — VEs(w*))||. Denote & Ryds =

4logy (V2ZRyn+1) 4logy (V2ZRyn+1)
5 3

d+log

d-+log
n + n

prove the bound of ||VF(w*) — VFs(w")]|.

. We are now to

Itis clear that VF(w*) = 0. From Lemma 12 of Appendix B,
available in the online supplemental material, and Assumption 2,
we have the following inequality for any 6 > 0, with probability

atleast 1 — ¢

IVF(w") = VFs(w")]|

2
5

S \/zEWﬂw*L;nzj DIlogd | D.
2

I

n
2

log
]

(18)
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711 Plugging (18) into (17), we obtain that for any § > 0, with
712 probability at least 1 — ¢

1
190 -FEsw)] < Crma flw w2

. \/2E[||Vf<w*;57z'>21 log§ | D log
(3] 3]

; \/SE[IVf(W*;z,z’)IIZ] log$ 4D, log 4

n n

W 1L
+C'ymax{|w - w, n}fn,Rl,d,i'

713 The proof is complete. g

714 D. Proof of Theorem 3

d+log slogz(\/?hnﬂ)
gnﬁthﬁ = n +

716 —~ According to Theorem 2, for any
717 6 € (0, 1), with probability at least 1 — J, we have the following
718 inequality

715 Proof. Denote

d+log 810g2(\/§R1n+1)

8E[||V.f(w*; 2, 2')[|*] log 3
n

IVE(w) = VFs(w)| < \/

4D, log 5 o 1
+ ——2 4+ Cymax{ ||w — w'|, = §n,Ri,ds- (19)

719 This implies that

n

y .
IVE(w)||—[IVEs(w)|| < Cymax {IIW—W I }fn,Rl,d,a

N 4D, log 3 N \/SE[HVf(w*;z,z/)H?] logé
n n

720 According to Remark 1, Assumption | implies the population
721 risk F'(w) is y-smooth. Moreover, when F'(w) is smooth and
722 satisfies the PL condition, there holds the following error bound
723 property (refer to Theorem 2 in [32])

[VE(w)|| > pllw —w*|.
724  Thus, we have

pllw = wi < [VEw)[ < [[VEs(w)]

N \/SE[IIVf(w*;z,z’)IIQ] log$ 4D, log 4
n n

1
+nymax{||ww*|, n}ﬁn,Rl,d,s. (20)

725 And according to [63], there holds the following property for
726 y-smooth functions f:

S IVFIE < fw) = inf fow). @D

Thus we have

o (22

! 2 o IVEw))P
gIIVF(W)II < F(w) = F(w") < T

which means that & < 1. Let ¢ = max{4C?, 1}. When

cy? (d + log
>

- /_112 )

we have C&n, R, 0.5 < %5, followed from the fact that £ < 1.
Plugging Cv&, R, 4,5 < % into (20), we can derive that

8log,(V2Rin+1) )
5

n

Iw =i < 2 (10Fs ) + 22200

E *. 12 1 4
#8 (IVf (w2 )| log(4/0) , u) o
n 2n
Then, substituting (23) into (19), we derive that for all w € W,

cy? <d+10g 7810g2(\/§R1n+1) )
when n >
1-96

2 , with probability at least

IVE(w) = VFs(w)| < [[VFs(w)]|

LH 4D l0g(4/8) \/8E[||Vf(w*; 2, 2)|P]10g(4/5)
n n n

The proof is complete. O

E. Proof of Theorem 4

Proof. Plugging w* into Theorem 2, we have

IVEW)[| = [VEs(w9)]|

3 \/SE[IIVf(w*;z,Z’)Iz] log 4D, log 4

- n n

1
+0max{||vv*—w*||,}
n

\/d + log 810g2(¢gR1n+1) d+ 10g 810g2(\/?R1n+1)
X +
n n

Since w* is the ERM of Fg, there holds that VFs(w*) = 0.
Thus, we can derive that

IVEG)]| < \/ SE[|[Vf (w3 22| log §

n
4D, log 4 1
+g5+0’y<R1+n)

\/d—&-logf“"éh(\/;w +d+logw
n n

The proof is complete. (]
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FE. Proof of Theorem 5

Proof. Since F(w) satisfies the PL condition with parameter
1, we have

r 2
F(w)—F(w") < VQ(:V)', Yw e W.
Therefore, to bound the excess risk F/(w*) — F(w*), we need to

bound the term |V F(w*)||?. Plugging w* into Theorem 3 and

oy? <d+1 81032(f1?1n+1)>
(6), for any 6 > 0, when n > = , with
probability at least 1 — 6,
. . H
IVEW)I < 2[VEs(w)] + =

| BDloslaf0) ¢ 2RIV sz, N PIoslifh]

Since VFg (W
that

F(w") = F(w)

*) =0, we have ||V Fg(w*)|| = 0. We can derive

_ 1D2I0g(4/) | GRIIVS (w2, ) log(4/) | 2w
pun? un n?’

The proof is complete. O

G. Proof of Theorem 6

Proof. According to Assumption 4 and n; < 1/, we can
derive that

FS(Wt+1) - FS(Wt)

B
< (Wi — wy, VEs(wy)) + §||Wt+1 - wy?

B
= =l VEs(wo)|* + 50z l|V Fs(wi)”

_ (§nf —m) IV Fs (we) 2

< - SlVEs ()P, @)
which implies that
| VEs(we)[|? < =2(Fs(Wii1) = Fs(wy)).
Take a summation from ¢ = 1 to 7', we have
T
> mlIVFs(wy)|* < 2(Fs(w1) = Fs(wry1)). (25
t=1
Furthermore, we derive that
T
> il VE(we)||?
t=1
T T
<2) ml|VF(wi) = VEs(wa)|> +2) il VEs(we)|>
t=1 t=1
T

<2 me max |[VE(w) - VEs(w,)|> + O(1),
t=1 o

which implies that with probability at least 1 — §

1 T

T
D=1t =1

nel|VE (we)|?

-1
< 2
< 2t:Hll,E.i.}.(,T||VF(Wt) VFEs(wy)|* + (Z m) o)

T -1
1
= 1)+2 s L
< (t_l 77t) o)+ t:I%?«f(’T[Cﬁmax {||wt w |’n}

\/dﬂogwﬂ 1 4o Lo (2run)
x +
n n
2
4D*10 é. SE ||V W*;Z,Z’ 2] 1o 4
; ngow U9/ iz Posd |

where O(1) in the first inequality is due to (25) and the nonneg-
ative property of f, and where the second inequality holds since
Theorem 2 and that Assumption 4 implies Assumption 1 (see
Remark 1).

We now to prove the bound of |w;— w*|. Since
w1 =0 and wyy; =w; — . VFs(wy), we have wiiq =
i1 — eV Es(wy). And according to Schwarz’s inequality,
we have

HZWVFS (W) H (anIIVFs(wk)>

() )<

Then we have

||Wt+1 - W*H S HWtJrlH + ||W*H

_ H iﬁkaS(Wk)H +w =0 <Xf: %) 2
k=1 -

If § € (0,1), then 3;_, k=% <t'"%/(1 — @). Thus, we have
the following result uniformly forallt =1,...,T

" 1-6
Wi = w'| =0 (T%°)

Therefore, plugging (27) into (26), we get that with probability
atleast1 — 0

if6e(0,1). (7

T

1
S T EwI < ( nt)
ZtT:1 Mt =1 Z
41o (ﬁRlnqu)
+O(d+logg2 5 -0
n

+

log? % N E[|Vf(w*; 2, 2)]?] log§>
n? n
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1 d+10g 10%” e
SYERpEEL

1og2 %

+ (28)

Nl GEETIER)

2 n

n

1
770 If we choose T < (nd‘l) 2(1-9) , then we derive that

T 1 _1 logn
1 d? +d 2 log 28~
ST ml|VE(w,)|? <O ( 1 :
t=1"lt t—1 2
Jlog?d  B{IVA(w 2, )1 log
n? n

Nl=

1 1 logn
So(dz +d zlog%),
n

771 where the second inequality holds because
772 the dominant term. The proof is complete. O

773 H. Proof of Theorem 7
774 Proof. By (24) and the PL condition of Fg, we can prove that

1
Fg(Wit1) — Fg(wy) < —§ﬁt||VFS(Wt)||2

< = un(Fs(wy) — Fs(W™)),

775  which implies that
Fs(Wi1) = Fs(W") < (1 — pne) (Fs(wi) — Fs(W7)).

776 Ifn < %, then0 < 1 — un; < 1since % < 1 according to (22).
777 Taking over T iterations, we get

Fs(wri) — Fs(W*) < (1 )" (Fs(wi) — Fs(W"),
(29)
778 If n, = 1/, combined with (29), the smoothness of Fs (see
779 (21)), and the nonnegative property of f, it can be derived that

|V Es (wrs) [ = O ((1 - gv) |

780 Furthermore, since F' satisfies the PL assumption with parameter
781, we have

(30)

2
_ IVF(wr)]
< %
782 So to bound F(wrp41) — F(w™*), we need to bound the term
783 || VEF(wr1)||?. And there holds

IVE(wri1)”

F(wpy1) — F(w) , YweWw. (@3l

< 2||VE(Wri1) = VEs(wri)|* + 2| VEs(wr) |
(32)

784  For the first term ||VF(wr41) — VFs(wry1)||?, from The-

cB? <d+10g 7810g2(\/§kln+1) >
785 orem 3, for all w € VW, when n > 5 ,
786  with probability at least 1 — §, there holds

IVE(wri1) = VEs(Wrp)|| < [VEs(wria)]]

L, 8Dog(4/3) W]Enwww*; =, 2) |10 (4/5)
n n n

(33)

Therefore, plugging (33), (30) and (32) into (31), we derive with
probability at least 1 — ¢

s - Fiw) <0 (01— 47)

o <log2<1/5> L EUVS5 221 10g(1/6)>. (34)

n? n

When f is nonnegative and S-smooth, from Lemma 4.1 of [72],
we have

IVf(w"s 2, 2)|1 < 48f(w; 2, 2"),

thus we have

E[|V.f(w*; 2, 2)||?] < 4BEf(w*; 2, 2') = 4BF(w*). (35)
By (35), (34) implies
Fiwr) - Fw) <0 (- 4)7)
2 *
Lo <1og (/) | Flw >fg<1/é>)'
The proof is complete. (]

1. Proof of Theorem 8

We first introduce some necessary lemmas on the empirical
risk. Note that the proof of the following lemmas of SGD
(Algorithm 2) for pairwise learning is the same as that for
pointwise learning.

Lemma 1. [44] Let {w,}; be the sequence produced by
Algorithm 2 with 7, < % for all £ € N. Suppose Assumptions
4 and 5 hold. Then, for any ¢ € (0, 1), with probability at least
1 — 4, there holds that

t 1 t
|[VFs(wy)||> = O [ log = + 2.
;nk\l s(wi) | ( g(S I;%)

Lemma 2. [44] Let {w;}; be the sequence produced by
Algorithm 2 with 7; < % for all £ € N. Suppose Assumptions
4 and 5 hold. Then, for any ¢ € (0, 1), with probability at least
1 — 9, there holds uniformly forall ¢t = 1,..,T

[Werr —w|
. 1/2 . 1/2 )
=0 2 1 1] log(=).
() =1 (2] 1) (3)
k=1 k=1
Lemma 3. [44] Let {w;}: be the sequence produced by

Algorithm 2 with 7 = m such that ¢y > max{%, 1} for
all t € N. Suppose Assumptions 4 and 5 hold, and suppose Fg
satisfies Assumption 3 with parameter 2. Then, for any § > 0,
with probability at least 1 — §, there holds that

log(T) 1og3<1/6>>_

FS(WT+1) - Fs(VAV*) =0 < T
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812 Lemma 4. [39] Let e be the base of the natural logarithm.
813 There holds the following elementary inequalities.

814 a) If 0 € (0,1), thenzk B0 < 01— 0);

815 b) If 6 = 1, then Zk k< log(et)

g6 ¢ If0>1thend, k¥ < ;5.

817 Now, we begin to prove Theorem 8.

818 Proof. Similar to the proof of Theorem 6. First, we have

parg

T
>l VEw)|?
t=1

T T
<2 0| VE(we) = VEs(Wo)l* +2) me| VEs(wy)||?

t=1 t=1

<2Zm max_ ||V F(w) - VFs(w,)|?

t=1 7

+0 (tzinterlog (;))

819  with probability at least 1 — §/3, which also implies that with
820 probability at least 1 — 20/3,

(Xn) Swiwro?

t=1

<2 max_[|VF(w;) —VFs(w,)|?
T -1 T 1
e () o(teis (5))
t=1 t=1
T —1 T 1
(58 ()
(;m> (;m g5

1
+2 max [Cﬂmax{”wt W*||,}
t=1,..,T n

yeeey

\/d—l—log 12log2(\/§§R1n+1)

n

(36)

2
+d—|—log 121 g2(\/6§121 +1)>] .
n

821 According to Lemma 2 and Lemma 4, with probability 1 — §/3,
822  we have the following inequality uniformly forallt = 1,..,T

O(log(1/6))T*%*, if0 <1/2
Wit —w'| = 3 O(log(1/9))T7 lo 1/2T, if=1/2
O(log(1/8))T*=" ifo>1/2.

37)

823 Moreover, according to Lemma 4, we have

(Er) o (Erw()

O(log(1/8)T~9), if <1/2
= L O(log(T/6)T~2), if6=1/2 (38)
O(log(1/8)T%~1),  if0 >1/2.

Denote &, 4.5 = % logz(l/é). Plugging (37) and (38)
into (36), we finally get that with probability 1 — ¢

T Lo
(Z m) > il VE(wy)|?

t=1

O(€n.a.6)T?73% + O(log(1/8)T~Y), ifg <1/2
= O(6n.as)T2 logT + O(log(T/8)T~2), if6=1/2
O(€n.a.6)T % + O(log(1/6)T%71), ifg > 1/2,

If < 1/2, we choose T < (nd’1)2<11*9>. If 6 =1/2, we set
T = nd~'. While if § > 1/2, we set T = (nd~1)?7 . Then
we can prove the learning rates of Theorem 8. The proof is
complete. ]

J. Proof of Theorem 9

Proof. Since F satisfies the PL assumption with parameter
24, we have

IVF(w)]?
ap

So to bound F(wry1) — F(w*), we need to bound the term
|VF(wr1)]|?. And there holds that

IVE(wria)|* < 2||VF(wri1) = VEs(wrid)|
+2|[VFs(wri)|*. (40)

From Theorem 3, if Assumptions 2 and 4 hold and F’ satisfies
Assumption 3, for all w € W and any § > 0, with probability
cp? <d+log 7161%2(\/551%1 ntl) )

F(w)— F(w") < , YweWw. (39)

, there

at least 1 — 6/2, when n >
holds

'u2
2
|VE(Wry1) = VFEs(wry1)|| < [[VFs(wry1)|l + -

| 8D.log(8/9) \/85F(w*)10g(8/6)7

n n

(41)

where F(w*) follows from (35). For the second term
|V Es(wr41)|]?, according to the smoothness property of Fg
(see (21)) and Lemma 3, it can be derived that with probability
atleast 1 — §/2

log(T) log®(1/6)
T). (42)

Plugging (42) into (41), we can derive that
IVF(wri1) = VEs(wri)|

0 <log TIOTgB(1/5)> 4O (10g27521/5) LE) :g(l/@)

IV Fs(wri)|? = 0(

(43)
Therefore, substituting (43) and (42) into (40), we derive that
IVE(wr )]
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o (1ongog3(1/5))

T
Lo <1og27$/6> S fgu/a)) w

Further substituting (44) into (39) and choosing 7" < n2, we
finally obtain with probability at least 1 — ¢

N F(w*)log (%)

log nlog® (%)

F(wrr) - F(w') = -

The proof is complete. O

V. CONCLUSION

We studied the generalization performance of nonconvex
pairwise learning given that it was rarely studied. We established
several uniform convergences of gradients, based on which we
provided a series of learning rates for ERM, GD, and SGD. We
first investigated the general nonconvex setting and then the non-
convex learning with a gradient dominance curvature condition.
Former demonstrated how the optimal iterative numbers should
be selected to balance the generalization and optimization, shed
insights on the role of early-stopping, and the latter highlight
the established learning rates which are significantly faster than
the state-of-the-art, even up to O(1/n?). Overall, we provide a
relatively systematic study of nonconvex pairwise learning.
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