
ARTICLE IN PRESS

Please cite this article as: J. Li, Y. Liu and W. Wang, Convolutional spectral kernel learning with generalization guarantees, Artificial Intelligence,

https://doi.org/10.1016/j.artint.2022.103803

JID:ARTINT AID:103803 /FLA [m3G; v1.322] P.1 (1-23)

Artificial Intelligence ••• (••••) ••••••

Contents lists available at ScienceDirect

Artificial Intelligence

www.elsevier.com/locate/artint

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

Convolutional spectral kernel learning with generalization
guarantees

Jian Li a, Yong Liu b,∗, Weiping Wang a

a Institute of Information Engineering, Chinese Academy of Sciences, China
b Gaoling School of Artificial Intelligence, Renmin University of China, China

a r t i c l e i n f o a b s t r a c t

Article history:

Received 14 October 2021

Received in revised form 16 August 2022

Accepted 30 September 2022

Available online xxxx

Keywords:

Convolutional operator

Non-stationary spectral kernel

Cosine activation

Generalization analysis

Rademacher complexity

Kernel methods are powerful tools to capture nonlinear patterns behind given data

but often lead to poor performance on complicated tasks compared to convolutional

neural networks. The reason is that kernel methods are still shallow and fully connected

models, failing to reveal hierarchical features and local interdependencies. In this paper,

to acquire hierarchical and local knowledge, we incorporate kernel methods with deep

architectures and convolutional operators in a spectral kernel learning framework. Based

on the inverse Fourier transform and Rademacher complexity theory, we provide the

generalization error bounds for the proposed model and prove that under suitable

initialization, deeper networks lead to tighter error bounds. Inspired by theoretical

findings, we finally completed the convolutional spectral kernel network (CSKN) with two

additional regularizers and an initialization strategy. Extensive ablation results validate the

effectiveness of non-stationary spectral kernel, multiple layers, additional regularizers, and

the convolutional filters, which coincide with our theoretical findings. We further devise

a VGG-type 8-layers CSKN, and it outperforms the existing kernel-based networks and

popular CNN models on the medium-sized image classification tasks.

 2022 Elsevier B.V. All rights reserved.

1. Introduction

With solid theoretical guarantees and complete learning frameworks, kernel methods have achieved great success in var-

ious domains. However, compared to convolutional neural networks, kernel methods show inferior performance in practical

applications because they failed in extracting rich representations for complex latent features. There are three problems that

limit the representation ability of kernel methods:

• Stationary representations of kernels ignore long-range correlations between samples [1]. Conventional kernels are

stationary because the kernel function is shift-invariant κ(x, x′)= κ(x − x′) where the induced feature representations

only depend on the distance ‖x− x′‖ while free from inputs x themselves.

• Kernel selection greatly influences the empirical performance [2]. Cross-validation (CV) [3] and kernel target alignment

(KTA) [2] were introduced to kernel selection, however, these methods split the process of kernel selection and model

training.
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• Kernel methods lack hierarchical or convolutional architecture. Traditional kernels, e.g. Gaussian kernels, are equiv-

alent to fully-connected neural networks with a single layer [4,5]. Thus, compared with CNN, kernel methods fail to

extract the hierarchical features and local correlations.

To solve these three problems and promote the development of kernel methods, researchers have made many attempts.

Non-stationary spectral kernels are proposed to construct more general kernels that learn from both the distance of inputs

and the inputs themselves [6]. Approximate kernel selection accelerates kernel selection via matrix approximation [7]. Con-

volutional kernel networks use convolutional neural architectures to approximate kernel feature mappings [8,9]. However,

the statistical properties of this method have not been fully revealed, and it lacks a general learning framework to settle

these problems at the same time.

The article is organized as follows. Section 1 states the main contributions and related work. Section 2 presents prelim-

inaries on spectral kernel methods and random features. In Section 3, we formally introduce conventional spectral kernel

networks with random Fourier features and improve the algorithm motivated by theoretical results. In Section 4, we pro-

vide generalization analysis for spectral kernel networks and prove the superiority of non-stationary spectral kernels and

multilayer architectures. In Section 5, we validate our approach by performing experiments on real-world datasets. Finally,

we conclude this paper in Section 6. Throughout this paper, we present theoretical results in the main body and leave the

proofs in the appendix.

1.1. Contributions

In this paper, we propose an effective learning framework that learns rich feature representations and optimizes kernel

hyperparameters in an end-to-end way, which solves three crucial problems of kernel methods simultaneously in an end-

to-end manner. Based on the learning framework, we derive a data-dependent generalization error bound via Rademacher

complexity. Derived by the theoretical analysis, we devise the learning algorithm with two novel regularizers. This paper

is a non-trivial extension of our previous work, published in AAAI 2020 [10]. The previous work presented the spectral

kernel network with random Fourier features, to optimize the kernel hyperparameters and model weights in an end-to-end

manner, and we also provided generalization analysis for the spectral kernel network. However, the previous architecture is

fully connected and only with a single layer, which fails to capture hierarchical and local information for complicated tasks.

Meanwhile, the generalization guarantees in the previous one only applied to the fully connected spectral kernel network

with a single hidden layer. To overcome these drawbacks, we make the following significant improvements in this work:

1) On the theoretical front. We derived generalization error bounds of deep spectral kernel networks that reveal how

the factors, including non-stationary spectral kernels, deep architecture, and initialization, affect the performance and

suggest ways to improve the algorithm. Note that, we also provide a generalization interpretation of the superiority of

deep neural networks over shallow networks by proving that under appropriate initializations deeper spectral kernel

networks can lead to tighter generalization error bounds.

2) On the algorithmic front. The framework incorporates non-stationary spectral kernels with deep neural networks and

convolutional operators to use their advantages of them. Intuitively, the proposed method characterizes better per-

formance because the learned feature mappings are input-dependent (non-stationary spectral kernel), output-dependent

(kernel learning), hierarchical (deep architecture) and local related (convolutional filters). Motivated by generalization

results, we apply two additional regularizers in the learning objective. Furthermore, we propose CSKN8 that adopts

a VGG-type structure with convolutional filters and pooling layers but without skip connections, which achieves the

state-of-the-art performance on image classification tasks.

3) On the experimental front. We conduct ablation experiments that validate the effectiveness of non-stationary spectral

kernels, the depth of spectral kernel networks, the additional regularizers, and the convolutional filters. We then conduct

comparison experiments with deep kernel networks and mainstream CNN models on six complicated image classifi-

cation datasets. The experimental results illustrate that, on the medium-sized image datasets (except TinyImagenet),

CSKN8 outperforms both the existing kernel networks and popular CNN models with highest predictive accuracies and

low computational burdens.

1.2. Related work

In this section, we introduce three kinds of related work that aim to relieve three bottlenecks in kernel methods.

Non-stationary Spectral Kernels. Yaglom’s theorem provides spectral statements for general kernel functions via inverse

Fourier transform. To break the limitation of stationary property, non-stationary spectral kernels were proposed with a

concise spectral representation based on Yaglom’s theorem [11,6]. Using Monte Carlo sampling, non-stationary spectral

kernels were represented as neural networks [12] in Gaussian process regression, where kernel hyperparameters can be

optimized together with the estimator. Then, [13,10] extended neural networks of non-stationary spectral kernels to general

learning tasks. It has been proven that non-stationary spectral kernels can learn both input-dependent and output-dependent

characteristics [10]. However, non-stationary spectral kernels fail to extract hierarchical features and local correlations, while

deep convolutional neural networks naturally capture those characteristics and present impressive performance [14].
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Kernel Learning. Kernel hyperparameters greatly decide the empirical performance of kernel methods, but kernel selec-

tion uses a lot of time to obtain favorable hyperparameters. Kinds of methods have tried to reduce the time consume via

kernel learning instead of kernel selection. Multiple kernel learning (MKL) adaptively optimizes the combination of several

candidate kernels together with the model parameters [15]. However, the training of MKL methods is complicated and re-

quires suitable candidate kernels. More recently, researchers use random Fourier features to approximate kernel functions

and stack random features layer by layer to update the corresponding spectral distribution of kernels via backpropagation

[13,16].

Deep Convolutional Kernel Networks. Deep convolutional neural networks (CNNs) have achieved unprecedented accura-

cies in various domains including computer vision [14] and nature language processing [17]. Convolutional neural networks

were encoded in a reproducing kernel Hilbert space (RKHS) to obtain invariance to particular transformations [8] in an un-

supervised fashion. Then, combined with Nyström method, convolutional kernel networks were proposed in an end-to-end

manner [18], while its stability to deformation was studied in [19]. Deep kernel learning (DKL) used neural networks as the

front to extract features and Gaussian process as the backend classifier [20,21]. Recent research also explored the approx-

imate theory of CNNs via downsampling and universality [22]. Besides, [23,9] introduced convolutional filters to spectral

kernels and studied the len of spectrograms.

2. Preliminaries

Consider a supervised learning scenario where training samples D = {xi, yi}ni=1 are drawn i.i.d. from a fixed but unknown

distribution ρ(x, y) over the space X × Y . Specifically, for general machine learning tasks, we assume the input space

be X = Rd0 and the output space be Y ⊆ RK , where K = 1 for univariate labels (binary or regression) and K > 1 for

multivariate labels (multi-classes or multi-labels).

Kernel methods include an implicit feature mapping φ :X →H from the input space X to a reproducing kernel Hilbert

space (RKHS) H, which is induced by a Mercer kernel κ(x, x′) = 〈φ(x),φ(x′)〉. Classical kernel methods fit the function

f :X → Y which learns modes in the RKHS, admitting the linear form f (x)= 〈W , φ(x)〉H . The hypothesis space is denoted

by

Hκ =
{
f |x → f (x)= 〈W , φ(x)〉H

}
, (1)

where W ∈ H × RK is the weight of the estimator and φ : X → H is the feature mapping to characterize more powerful

feature representations. The goal of supervised learning is to minimize the expected loss

E( f )=
∫

X×Y

ℓ( f (x), y)dρ(x, y), (2)

where ℓ is the loss function associated to specific tasks and ρ(x, y) is the joint probability distribution over X × Y . Since

the distribution ρ(x, y) is unknown, the expected loss E( f ) cannot be computed directly. However, in practice, the learning

algorithm aims to find a hypothesis under Empirical Risk Minimization (ERM) principal based on i.i.d. sample D = {xi, yi}ni=1:

Ê( f )=
1

n

n∑

i=1

ℓ( f (xi), yi).

Here, we denote f ∗ = inf f ∈Hκ E( f ) the ideal learner in the hypothesis space while f̂n = inf f ∈Hκ Ê( f ) the empirical estima-

tor. Excess risk bound measures the generalization performance gap between f ∗ and f̂n .

Shift-invariant kernels only depend on the distance τ = x − x′ , written as κ(x, x′) = κ(τ ). Commonly used kernels are

shift-invariant (stationary), such as Gaussian kernels κ(x, x′) = exp(−‖τ‖22) and Laplacian kernels κ(x, x′) = exp(−‖τ‖1).
According to Bochner’s theorem, shift-invariant kernels are determined by its spectral density s(ω) via inverse Fourier

transform [24].

Lemma 1 (Bochner’s theorem). A shift-invariant kernel κ(x, x′)= κ(x−x′) onX is positive definite if and only if it can be represented

as

κ(x, x′)=
∫

X

eiω
⊤(x−x′)s(ω)dω, (3)

where s(ω) is a non-negative probability density.

Shift-invariant kernels κ(τ ) = κ(x − x′) are stationary, which only take into account the distance (x − x′) but neglect

useful information of the inputs themselves, also called stationary spectral kernels. However, the most general family of

kernels are non-stationary, i.e. linear kernels κ(x, x′)= x⊤x′ and polynomial kernels κ(x, x′)= (x⊤x′ + 1)r .

3
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Corollary 1 (Stationary random Fourier features [25]). The shift-invariant kernels κ(x, x′) =
∫

Rd e
iω⊤(x−x′)s(ω)dω can be approxi-

mated by κ(x, x′)≈ 〈ψ(x),ψ(x′)〉, where the random Fourier features admit the form

ψ(x)=
√

2

D

[
cos(�⊤x+ b)

]
, (4)

the frequency matrix � ∈ Rd0×D consists of D entries i.i.d. drawn from the spectral density s(ω) and the bias b ∈ RD is drawn

uniformly from [0,2π ]D .

Note that, the inner product of stationary random Fourier features (4) is unbiased estimate of the shift-invariant kernels,

i.e. κ(x, x′)= E[ψ(x)⊤ψ(x′)]. Despite extensive literature [25–28] related to the generalization analysis of stationary random

Fourier features that can only approximate shift-invariant kernels, there has been relatively few studies devoted to studying

the generalization of non-stationary random features.

3. Convolutional spectral kernel learning

In this part, we first introduce the non-stationary spectral kernels, which can reveal long-range correlations and input-

dependent characteristics among samples. Secondly, we extend non-stationary spectral kernels (only one hidden layer) into

multilayer non-stationary spectral kernel networks, that is naturally stacked by inverse Fourier features. We finally complete

the entire architecture by introducing convolutional operators instead of fully-connected operation into deep spectral kernel

networks to discover local correlations.

3.1. Non-stationary spectral kernels

Lemma 2 (Yaglom’s theorem). A general kernel κ(x, x′) is positive definite on X if and only if it admits the form

κ(x, x′)=
∫

X×X

ei(ω
⊤x−ω′⊤x′)µ(dω,dω′), (5)

where µ(dω,dω′) is a Lebesgue-Stieltjes measure associated to some positive semi-definite (PSD) spectral density function s(ω,ω′)
with bounded variations.

Based on Yaglom’s theorem (Lemma 2), the Fourier analysis theory has been extended to general spectral kernels, includ-

ing both stationary and non-stationary cases [11,6]. Non-stationary spectral kernels depend on both the distance between

inputs and inputs themselves, thus these kernels characterize more powerful representation ability and generalization per-

formance.

To ensure a valid positive semi-definite spectral density in (5), we symmetrize spectral densities where s(ω,ω′) =
s(ω′,ω) and then introduce the diagonal components s(ω,ω), s(ω′,ω′), such that the kernel is defined as

κ(x, x′)=
1

4

∫

X×X

(
ei(ω

⊤x−ω′⊤x′) + ei(ω
′⊤x−ω⊤x′) + eiω

⊤(x−x′) + eiω
′⊤(x−x′)

)
µ(dω,dω′). (6)

Corollary 2 (Non-stationary Random Fourier Features). For any positive define kernels defined in (6), the corresponding random

Fourier features can be represented as

ψ(x)=
1

√
2D

[
cos(�⊤x+ b)+ cos(�′⊤x+ b)

]
, (7)

where these two frequency matrices � = [ω1,ω2, · · · ,ωD ] ∈ Rd0×D ,�′ = [ω′
1,ω

′
2, · · · ,ω

′
D ] ∈ Rd0×D are paired Monte Carlo sam-

ples and the frequency pairs {(ωk,ω
′
k
)}D

k=1
∈ Rd0 are drawn i.i.d. from the spectral density s(ω,ω′). The phase vector b ∈ RD is drawn

uniformly from [0,2π ]D .

The stationary (shift-invariant) spectral kernels (3) and corresponding random features (4) can capture the difference

between examples but ignore the information of single example. Specifically, stationary spectral kernels of any example x ∈
X are always the same κ(x, x)=

∫
X×X

eiω
⊤(x−x)s(ω)dω = 1. Nevertheless, non-stationary spectral kernels (6) and random

features (7) can capture the information of inputs themselves, for example the kernel of any input x ∈ X depends on the

input itself κ(x, x)= 1
2

+ 1
2

∫
X×X

ei(ω−ω′)⊤xµ(dω,dω′).

Remark 1. Yaglom’s theorem illustrates that a general kernel κ(x, x′) is associated to some positive semi-definite spectral

density s(ω,ω′) over frequencies ω,ω′ . Meanwhile, shift-invariant kernels (Bochner’s theorem) is a special case of non-

stationary spectral kernels (Yaglom’s theorem) when the spectral measure is concentrated on the diagonal ω = ω′ .

4
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Fig. 1. The computation details of convolutional filters. For the sake of simplification, both the input and output channels are 1 and the convolutional filter

is with the size 2× 2. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Traditional kernel selection methods split the choice of hyperparameters and model learning. In contrast, the presented

spectral kernel networks are trainable, thus we can optimize the kernel hyperparameters and model weights together, which

are trained in an end-to-end manner.

3.2. Multilayer spectral kernel networks

In the view of neural networks, a non-stationary spectral kernel (6) is a single-layer neural network with infinite width,

while the random Fourier approximation (7) reduces the infinite dimension to a finite width. Even though the non-stationary

spectral kernels characterize input-dependent features, it is deficient in feature representations due to their shallow archi-

tecture.

In this paper, we design non-stationary spectral kernels network (SKN) by stacking random Fourier features in a hierar-

chical composite way:

κ(x, x′)≈ 〈9L(x),9L(x
′)〉 with 9L(x)=ψL(· · ·ψ2(ψ1(x))),

where the kernel κ consists of L-layers stacked spectral kernels and the feature mappings for any layer are approximated

by random Fourier features (7). Based on the feature mapping of the last layer 9l−1(x), we definite the random Fourier

mapping of l-th layer 9l : Rdl−1 → Rdl , l = 1,2, · · · , L

9l(x)=
1

√
2D

[
cos(�⊤

l 9l−1(x)+ bl)+ cos(�′⊤
l 9l−1(x)+ bl)

]
, (8)

where 90(x)= x is the input data, the frequency pairs in the l-th frequency matrices �l,�
′
l
are drawn i.i.d. from the l-th

layer’s joint spectral density sl(ω,ω
′). The elements in l-th phase vector bl are drawn uniformly from [0,2π ]dl . The above

architecture of deep spectral kernel networks is a kind of fully connected network (FCN), where the network includes L

layers and two frequency matrices �l,�
′
l
∈ Rdl×dl−1 and two bias vectors bl ∈ Rdl for the l-th layer. Therefore, the l-th layer

involves 2× dl × (dl−1 + 1) parameters.

3.3. Convolutional spectral kernel networks

Even though the multilayer spectral kernel representations can learn input-dependent characteristics, long-range rela-

tionships, and hierarchical features, FCN fails to extract local correlations on the structural dataset, i.e. image and natural

language. However, convolutional networks guarantee local connectivity, promising dramatic improvements in complex ap-

plications.

To characterize spatial locality, we combine spectral kernel networks with the convolutional filters, which enforces local

connectivity pattern between the adjacent layers. For each channel of the l-th convolutional layer, the convolutional mapping

8l : Rdl−1 → Rdl is

8l(x)=
1

√
2dl

[
cos(ωl ⊗8l−1(x)+ βl)+ cos(ω′

l ⊗8l−1(x)+ βl)
]
, (9)

where l = 1, · · · , L, 80(x)= x, ⊗ denoting convolutional operation and the l-th convolutional filters are pairwise ωl,ω
′
l
∈ R

d′
l

in the filter size d′
l
. The frequency pair (ωl,ω

′
l
) is drawn from the joint spectral density s(ωl,ω

′
l
) for l-th layer convolutional

spectral kernel. The bias terms βl is uniformly sampled from [0,2π ] via Monte Carlo sampling.

We consider a 2D convolutional example as follows and other dimension convolutional computations are similar. Fig. 1

illustrates the computation details in the activation ωl ⊗ 8l−1(x) + βl , which involves a 2D convolutional filter in each

layer. The convolutional operation summarizes the element-wise products on a 2 × 2 receptive field of last layer features

8l−1(x) and the convolutional filter ωl , and then add the bias bl . For example, the first element in 8l(x) is computed by

(0× −1+ 1× 1+ 1× 0+ 0× 1)− 1 = 0, where the corresponding block of the last layer is colored in Fig. 1. Then, the 2× 2

receptive field sides to employ all features in the last layer.

As shown in Fig. 2, we define the convolutional spectral kernel network (CSKN) in a hierarchical kernel form by stacking

convolutional spectral random features κ(x, x′)≈ 〈8L(x),8L(x
′)〉, which is finally followed with a FCN to model the linear

5
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Fig. 2. The structure of the proposed CSKN.

predictor f (x)= W⊤8L(x). Moreover, the proposed CSKN can be further improved by integrating pooling layers and skip

connections.

The proposed CSKN in Fig. 2 combines non-stationary spectral kernels, multilayer architectures, and convolutional op-

erations, that help to discover long-range connections, hierarchical information, and local correlations among the training

samples. Although the combination seems to be simple, it performs well in the empirical study. In the view of general-

ization analysis, it is a non-trivial extension of non-stationary spectral kernels due to the lack of theoretical learning on

deep architectures and convolutional filters. The theoretical results in the next section can guarantee that deeper spectral

kernel networks lead to tighter generalization error bounds than shallow ones, which bring a new perspective to explain

the natural properties of neural networks and may inspire more ideas on the understanding of neural networks.

3.4. Improved algorithm

Motivated by the theoretical findings in Theorem 1 in the next section, we incorporate the empirical loss with two kinds

of regularization terms in the minimization objective, written as

argmin
W ,8L

1

n

n∑

i=1

ℓ( f (xi), yi)+ λ1‖W ‖∗ + λ2‖8L(X)‖2F , (10)

where the depth is L and 8L(X) ∈ Rn×dL is the feature mapping matrix on all input examples. The estimator is

f (xi)= W⊤8L(xi) ∈ RK , where the weighted matrix is W ∈ RdL×K and we employ the deep convolutional spectral kernel

representations 8L : Rd0 → RdL in a hierarchical composite way 8L(x)=8L(· · ·82(81(x))) based on (9). The trace norm

‖W ‖∗ regularizes the estimator weights and the squared Frobenius norm ‖8L(X)‖2F =
∑n

i=1 ‖8L(xi)‖22 =
∑n

i=1 κ(xi, xi) is

used to regularize the trace of kernel matrix. These two norms are scarcely used in conventional methods, where ‖W ‖∗
represents the RKHS norm of primal kernel methods and ‖8L(X)‖2F regularizes the frequency pairs (ωl,ω

′
l
).

Using backpropagation w.r.t. the objective, we update the model weights W and frequency pairs (ωl,ω
′
l
) for convolu-

tional layers in the objective (10), that makes the feature mappings 8l(x) dependent on the specific tasks. The spectral

density s(ωl,ω
′
l
) is modified via the update of frequency pairs (ωl,ω

′
l
) in an end-to-end manner.

4. Theoretical assessment

In this section, we apply Rademacher complexity theory to spectral kernel networks, which reveals the generalization

ability of kernel methods. We then explore the generalization performance of different kernels, including stationary and

non-stationary spectral kernels and multilayer architectures. Finally, we improve the algorithm motivated by theoretical

findings and discuss related work. We leave detailed proofs in the appendix.

4.1. Generalization guarantees for spectral kernel networks

In statistical learning theory, Rademacher complexity has been proposed to measure the richness of the hypothesis

space, which has achieved great success in kernel methods (shallow network). However, it’s still an open problem whether

Rademacher complexity is applicative to deep neural networks [29]. We define the following Rademacher complexity for

spectral kernel networks.

Definition 1. The empirical Rademacher complexity and expected Rademacher complexity of hypothesis space Hκ in (1) are

defined as

R̂(Hκ )=
1

n
Eξ

[
sup
f ∈Hκ

n∑

i=1

K∑

k=1

ξik[ f (xi)]k

]
, R(Hκ )= E R̂(Hκ ),

where [ f (xi)]k means the k-th value of the outputs and ξiks is n × K independent Rademacher variables {±1} with the

same probability.

6



ARTICLE IN PRESS
JID:ARTINT AID:103803 /FLA [m3G; v1.322] P.7 (1-23)

J. Li, Y. Liu and W. Wang Artificial Intelligence ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

The conventional Rademacher complexity was defined on a scalar output [30,31], while neural networks usually pro-

duce multi-dimensional outputs. To measure the model complexity of spectral kernel networks, we define the Rademacher

complexity with K -dimensional outputs, i.e. f :X → RK .

Theorem 1 (Excess risk bound for spectral kernel network). Assume the loss function ℓ is L-Lipschitz for RK equipped with the 2-norm.

With a probability at least 1− δ, the excess risk bound holds

E( f̂n)− E( f ∗)≤ 4
√
2LR̂(Hκ )+O

(√ log1/δ

n

)
,

where f ∗ = inf f ∈Hκ E( f ) the target estimator and f̂n = inf f ∈Hκ Ê( f ) the empirical estimator. The empirical Rademacher complexity

R̂(Hκ ) can be bounded by the trace of kernel matrix

R̂(Hκ )≤
B

n

√√√√K

n∑

i=1

κ(xi, xi), (11)

where B = sup f ∈Hκ ‖W ‖∗ <∞ and K is the dimension of the outputs.

Based on Rademacher complexity, generalization error bounds of kernel methods have been well-studied [32], where

the convergence depends on empirical Rademacher complexity R̂(Hκ ). Meanwhile, empirical Rademacher complexity is

determined by the trace of empirical kernel matrix
∑n

i=1 κ(xi, xi). Therefore, the generalization performance of spectral

kernel networks is relevant to the specific kernel.

Remark 2. From (11), we find that the minimization of Rademacher complexity need to minimize both B and the sum of

diagonals
∑n

i=1 κ(xi, xi). Since B is the upper bound of the trace norm ‖W ‖∗ and the trace holds
∑n

i=1〈φ(xi),φ(xi)〉 =∑n
i=1 ‖φ(xi)‖22 = ‖φ(X)‖2F , we introduce ‖W ‖∗ and ‖φ(X)‖2F as the regularizers to the objective in (10).

4.2. Generalization improvements from non-stationary spectral kernels

From Theorem 1, the generalization error bounds depend on the estimate of Rademacher complexity. In this part, we

estimate Rademacher complexities for stationary spectral kernels and non-stationary spectral kernels. For the sake of sim-

plification, we initialize the joint spectral density of non-stationary spectral kernels in (6) as two independent Gaussian

distributions, i.e. ω ∼N (0,σ 2I) and ω′ ∼N (0,σ ′2I).

Corollary 3 (Rademacher complexity of shift-invariant kernels). If the kernel is shift-invariant defined in (3), the empirical Rademacher

complexity R̂(Hκ ) is bounded by

R̂(Hκ )≤ B

√
K

n
.

For shift-invariant kernels, the diagonals of shift-invariant kernels identically equal to one regardless of the spectral

density s(ω), since the fact κ(xi, xi)=
∫
X×X

eiω
⊤(xi−xi)s(ω)dω = 1. The trace of kernel matrix is a constant

∑n
i=1 κ(xi, xi)=

n. Then, one can obtain the above Corollary directly. Corollary 3 states that the convergence rate of Rademacher complexity

is R̂(Hκ )≤O(
√

K/n) when the norm of weight matrix is bounded ‖W ‖∗ ≤ c with some constant c [32].

Theorem 2 (Rademacher complexity of non-stationary spectral kernels). If the kernel is non-stationary spectral kernel defined in (6),

the empirical Rademacher complexity R̂(Hκ ) is bounded by

R̂(Hκ )≤
B

n

√√√√K

n∑

i=1

1

2

[
1+ exp

{
−

1

2
(σ 2 + σ ′2)x⊤

i
xi

}]
,

where ω ∼N (0,σ 2I) and ω′ ∼N (0,σ ′2I) are independent.

As shown in Theorem 2, since (σ 2 + σ ′2) > 0 and x⊤
i
xi > 0, the diagonal elements of non-stationary spectral ker-

nels are always less than 1. Therefore, compared to stationary spectral kernels, non-stationary spectral kernels characterize

smaller upper bounds of Rademacher complexity and thus have tighter generalization error bounds. The convergence rate

of Rademacher complexity of non-stationary spectral kernel is still R̂(Hκ )= O
(√

K/n
)
, but the corresponding constant is

smaller than that of stationary spectral kernels. Note that, shift-invariant kernels can be seen as a special case (the worst

case) of spectral kernels with the diagonal density ω = ω′ .

7
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Remark 3 (Approximation of stacked spectral kernels). We derive above generalization analysis in the RKHS with implicit feature

mappings. However, the computation of hierarchical stacked spectral kernels is intractable and optimal kernel hyperparam-

eters are hard to estimate, so we stack explicit feature mappings via Monte Carlo approximation in (5) to approximate

multilayers spectral kernels, where κ(x, x′) ≈ 〈ψ(x),ψ(x′)〉 and ψ : Rd0 → RD . According to Hoeffding’s inequality, we

bound the approximation error with the probability 1− η:

|〈ψ(x),ψ(x′)〉 − κ(x, x′)| ≤

√
2

D
log

2

η
,

where η ∈ (0,1) is a small constant. The approximation error converges fast with the number of Monte Carlo samplings D .

[25] has proven small approximate error ǫ is achieved by any constant probability when D = �(
d0
ǫ2

log 1
ǫ ). Besides, recent

work revealed D =O(
√
n) random features can achieve optimal learning rates in kernel ridge regression tasks [33,34].

4.3. Generalization improvements from deep architectures

Using the single-layer non-stationary spectral kernel (6) on each layer, we introduce multilayer non-stationary spectral

kernels via

κL(x, x
′)= 〈φL(x),φL(x

′)〉 with φL(x)= φL(· · ·φ2(φ1(x))). (12)

Theorem 3 (Rademacher complexity of multilayer spectral kernel networks). If the kernel is a multilayer non-stationary spectral ker-

nels and the kernel κL is defined as (12), the empirical Rademacher complexity R̂(Hκ ) is bounded by

R̂(Hκ )≤
B

n

√√√√K

n∑

i=1

κL(xi, xi).

For any input data xi and l ∈ [L], the diagonal of l-th layer κl(xi, xi) is smaller than the diagonal of its previous layer κl−1(xi, xi):

κl(xi, xi)≤ κl−1(xi, xi),

when κl−1(xi, xi) > 1/2 and the variance σ 2
l
satisfy ∀i ∈ [n]

σ 2
l + σ ′2

l ≥ −
2 log [2κl−1(xi, xi)− 1]

κl−1(xi, xi)
, (13)

where σ 2 and σ ′2 are variances for random variables ωl ∼N (0,σ 2
l
I) and ω′

l
∼N (0,σ ′2

l
I).

The results in Theorem 3 guide the design of the variance σl to get better generalization performance for deep neural

networks. The right of inequality (13) has the decreasing property w.r.t. the diagonals κl−1(xi, xi). To make deeper architec-

ture available, we should ensure the decreasing on the diagonals κl(xi, xi) w.r.t. the depth l, such that we enlarge σl for the

increasing depth l. Based on the mean field theory, recent work has devised better initialization strategies [35] to improve

the trainability, however, these strategies are irrelevant to the depth, ignoring the issues in generalization. It’s worthy to

further study the initialization schema which characterizes both good generalization ability and trainability. Under suitable

initializations, the non-stationary spectral kernel κL(x, x) is closed to 1/2 as the depth L becomes deeper. Such that, the

estimate of Rademacher complexity is R̂(Hκ )≤ B

√
K
2n

, which is a half of that in Corollary 3.

Remark 4. (Generalization improvements from multilayers network) Theorem 3 holds for all diagonals κl(xi, xi) ≤
κl−1(xi, xi), thus the sum of diagonals magnifies the difference. With a favorable initialization schema, we obtain de-

creasing diagonals as the depth increases, which leads to tighter generalization error bounds. It’s worth noting that, we

prove deeper architectures of neural networks can obtain better generalization performance with suitable initialization.

The theorem reveals the superiority of deep neural networks over shallow learning (such as conventional kernel methods)

in the view of generalization. Moreover, the generalization gains from deeper architectures converge after some threshold,

i.e. κ(x, x) > 1/2. After the threshold, it’s hard to improve the generalization performance by increasing the number of

layers.

Remark 5 (Extension to general DNN). We regard general neural networks as a composition of two parts: the feature mapping

φ : Rd → RD before the last layer and the linear estimator f (x)= 〈W , φ(x)〉 in the last layer. Note that, the feature mapping

φ : Rd → RD covers complicated architectures in deep neural networks (DNN), such as convolutional operators, recurrent

layers, and skip connections. However, no matter how complicated the feature mappings are, Theorem 1 is still valid that the

8



ARTICLE IN PRESS
JID:ARTINT AID:103803 /FLA [m3G; v1.322] P.9 (1-23)

J. Li, Y. Liu and W. Wang Artificial Intelligence ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

kernel with a smaller trace, in other words, the feature mapping with a smaller Frobenius norm on all examples ‖φ(X)‖2F ,
leads to tighter error bounds. Therefore, the techniques presented here can be applied to general DNN methods, and are of

practical and theoretical interest in the understanding of general DNN.

Remark 6 (Theoretical studies of CNN). Deep convolutional neural networks [14,36] have achieved impressive accuracies which

are often attributed to the efficient leverage of the local stationarity of natural images at multiple scales. The group invari-

ance and stability to the action of diffeomorphisms were well-studied in [37,38,19]. Meanwhile, [22] studied the universality

of deep convolutional neural networks and proved that CNNs can be used to approximate any continuous function to an

arbitrary accuracy when the depth is large enough. However, the generalization ability of CNN was scarcely studied, because

it’s hard to extend the generalization results of FCN to CNN due to different structures. It’s still not clear how to prove the

superiority of convolutional networks in the view of generalization.

4.4. Comparison with related works

We compare the proposed approach and the theoretical findings with the most related works.

Non-stationary spectral kernel methods. Single hidden layer spectral kernel learning has been provided in [10], where

they introduce the Rademacher complexity based error bounds for only single layer spectral kernels, with a convergence

rate O(
√

K/n) (same as Theorem 2). However, due to the complexity of stacked kernels, the error bounds for single-layer

networks can not be extended trivially to multilayer cases. The work [10] also ignores the benefits of the use of multilayers

and convolutional filters, leading to an inferior performance on image tasks.

Convolutional Multilayer Kernels. By optimizing the linear approximation to the Gaussian kernel rather than random

Fourier features, [8] proposed the convolutional kernel network (CKN) that contained the local characteristics of the im-

age. But, the Gaussian kernels in CKN are pre-defined while this paper jointly optimizes both kernel hyperparameters and

model weights. [39,9] proposed stacked stationary random Fourier features and also extended it with convolutional layers

(CRFFNet). However, CRFFNet is based on stationary random Fourier features that only captured the similarities between ex-

amples, while ours is based on non-stationary spectral kernels that capture the inputs themselves as well. More importantly,

[39,9] lacks theoretical guarantees for the proposed architectures.

Deep kernel learning. Wilson et al. proposed Deep Kernel Learning (DKL) [20] that uses neural networks as the front

feature exactor and the Gaussian process as the backend classifier. Nevertheless, only the Gaussian process in the last layer

is related to kernel methods, and thus the front neural networks rather than the kernel layer play the dominant role in DKL.

Meanwhile, DKL lacks generalization guarantees and the computing of the Gaussian process is time-consuming. Xue et al.

presented a learning framework of multilayer spectral kernels [13], but they focused on the design of theoretical algorithms

to develop spectral kernels for multilayer and the theoretical guarantees have not been explored. Meanwhile, they also failed

to bridge the convolutional filters with the spectral kernels.

However, the existing kernel-based networks have not achieved state-of-the-art empirical results in complicated tasks,

but also their theoretical analysis has been only marginally studied. In this paper, we provide theoretical guarantees for

spectral kernel networks in this section and validate the empirical effectiveness of the proposed algorithms in the next

section.

5. Experiments

To validate theoretical findings in Section 4 and the effectiveness of the proposed algorithm, we first conduct experi-

ments for exploring the impacts of key factors for CSKN. Then, we compare CSKN with both convolutional kernel networks

and popular CNN models on real-world image datasets, and report testing accuracy, running time, and computational com-

plexities.

We implement compared methods on Pytorch [40] and conduct experiments on Nvidia RTX 2080 Ti (11G). We use Adam

[41] as the optimizer and tune the learning rate η for different algorithms and datasets. Using 5-folds cross-validation, we

tune regularized hyperparameters λ1, λ2 ∈ {10−10,10−9, · · · ,10−1} and optimizer hyperparameter η ∈ {10−5,10−4, · · · ,1}.
We use the cross-entropy loss for multi-class classification tasks. All the code used in experiments is now publicly available.1

5.1. Ablation experiments

From the theoretical findings in section 4 and the refined algorithm CSKN, there are key factors that affect the per-

formance, including the non-stationary spectral kernel, the depth of the network, convolutional filters, and two additional

regularizers in (10). Based on the CIFAR100 dataset,2 we explore the effects of key factors as follows. The CIFAR100 dataset

consists of 32 × 32 colorful images in 100 classes, where 60000 images for training and 10000 images for testing. Using

these factors, the predictive accuracy is improved from 28.83% to 40.84% for the CIFAR100 dataset.

1 https://github.com/superlj666/CSKN/.
2 https://www.cs.toronto.edu/~kriz/cifar.html.
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Fig. 3. Kernel matrices of stationary spectral kernel (left) and non-stationary spectral kernel (right). Here, the first 1000 images with the label ‘beaver’ and

the rest with label ‘hamster’.

Fig. 4. The diagonal elements (left) and the accuracies (right) of stationary and non-stationary spectral kernels on the CIFAR100 dataset, respectively.

5.1.1. The effect of non-stationary spectral kernels

For stationary spectral kernel, we use random Fourier features to approximate Gaussian kernel κ(x, x′)= exp(−σ 2‖x −
x′‖2/2) ≈ 〈ψ(x),ψ(x′)〉 from (4), where ψ(x) =

√
2/D cos(�⊤x + b), where � ∼ N (0,σ 2ID) and b ∼ [0,2π ]D . For non-

stationary spectral kernel, we approximate the constructed kernel in (6) by ψ(x)=
√
1/2D

[
cos(�⊤x+ b)+ cos(�′⊤x+ b)

]
,

where � ∼ N (0,σ 2ID),�
′ ∼ N (0,σ ′2ID), and b ∼ [0,2π ]D . We employ a single-hidden layer for both stationary and non-

stationary spectral kernels and fixed the number of hidden units as D = 2000. We set the epoch T = 30, batch size 128,

the learning rate η1 = 1e − 5 for non-stationary spectral kernel layers and η2 = 1e − 2 for the linear layer, and the kernel

hyperparameters as σ = 1e − 7,σ ′ = 1e − 2.

As shown in Fig. 3, K11 and K22 measure the similarities among examples with the same labels while the other blocks

measure the distance between examples with different labels. For the non-stationary spectral kernel, the distinctions be-

tween blocks are more obvious. We compute the average distance by ‖K11 + K22 − K12 − K21‖/tr(K) that the distance is

0.1717 for the stationary spectral kernel and 0.1807 for the non-stationary spectral kernel. Therefore, the non-stationary

spectral kernel can distinguish examples with different labels more easily than the stationary spectral kernel.

In the left of Fig. 4, the diagonals of stationary are usually higher than that of non-stationary spectral kernels. Note that,

since the Rademacher complexity depends on the trace of kernel matrix from Theorem 1, smaller diagonals can lead to

better generalization performance, for example, the empirical predictive accuracies 28.83% v.s. 30.77% in the right of Fig. 4.

These experimental results validate the superiority of non-stationary spectral kernels and the theoretical findings in

Theorem 2.

5.1.2. The effect of multilayers spectral network

Theorem 3 illustrates that multiple-layer spectral kernel networks can guarantee smaller with appropriate initializa-

tions where the variance should be bigger as the increase of network depth. To validate Theorem 3, we construct deep

spectral kernel networks (DSKN) f (x) = 〈W ,9L(x)〉 by stacking the non-stationary spectral random features 9l(x) =

10
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Fig. 5. The test accuracy w.r.t. the number of epochs (left) and the computational/storage costs versus the number of layers (right) on the CIFAR100 dataset.

Fig. 6. The mean test accuracies at epoch 30 (left) and the trace of kernel matrix (right) versus the number of layers on the CIFAR100 dataset. DSKN-l

represent non-stationary spectral networks (8) with the depth l.

1√
2D

[
cos(�⊤

l
9l−1(x)+bl)+cos(�′⊤

l
9l−1(x)+bl)

]
according to (8) where �l ∼N (0,σ 2

l
I), �′

l
∼N (0,σ ′2

l
I) and b ∼ [0,2π ]dl ,

and tune the increasing variances σ 2
l
,σ ′2

l
for different the numbers of layers l. The features of initial layer are 90(x)= x.

According to Theorem 3, the initialization variance for multilayer CSKN should increase as the growth of the depth for

obtaining smaller kernel traces. We use the same learning rates as the previous and set σl = 1e − 7 ∗ αl,σ ′
l

= 1e − 2 ∗ αl

to guarantee exponential growth, where α is the augment factor tuned by 5-folds cross-validation and l is the number of

layers in the network. We set α = {256,32,16,8} are suitable for 2-layers, 3-layers, 4-layers and 5-layers, respectively. We

repeat the 10 trials for all depths to obtain the statistical significance of DSKN with different depths.

In terms of the number of layers, the left in Fig. 5 records the mean test accuracies of DSKN with different depths,

while the right illustrates the increase of computational/storage burdens. Specifically, the mean test accuracies after 30

training epochs are 30.56%, 31.49%, 31.58%, 31.00%, and 30.77% for the number of layers of DSKN from 1 to 5, respectively.

Since DSKN is a kind of fully connected network without skip connections and pooling layers, the computational burdens

(FLOPs) and the storage costs (the number of parameters) are similar. As shown in the right of Fig. 5, the FLOPs and the

number of parameters grow linearly as the increase of DSKN. Since the generalization gains are smaller when L > 3 but the

computational costs increase linearly, the depth L = 3 achieves a tradeoff between generalization ability and computational

efficiency.

Fig. 6 demonstrates that the test accuracy increases first and drops after L = 3 while the kernel trace exhibits the oppo-

site curve, which coincides with Theorem 1 that smaller kernel traces can lead to better generalization performance. Indeed,

the kernel trace does not decrease even with decreasing initialized variances as shown in Theorem 3. When the depth is

bigger than 3, the kernel trace is bigger than that of L = 3, and the predictive ability of DSKN-4 and DSKN-5 is worse

than DSKN-3. This observation coincides with the theoretical finding in Theorem 3 that the generalization performance

of multilayer DSKN converges to a certain level after the depth is bigger than some thresholding depth, for example, the

thresholding depth is L = 3 on the CIFAR100 dataset.

11
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Fig. 7. The testing accuracy (left) and the test loss (right) of DSKN-3 with and without regularizers versus the number of training epochs on the CIFAR100

dataset.

Fig. 8. The test accuracy w.r.t. the training epochs (left) and the mean test accuracies at epoch 30 w.r.t. different convolutional filters (right) on the CIFAR100

dataset.

5.1.3. The effect of additional regularizers

Motivated by the theoretical findings, we modify the proposed algorithms with two additional regularizers ‖W ‖∗ and

‖8L(X)‖2F in (10). As illustrated in the last experiment, DSKN-3 achieves a good tradeoff between predictive accuracy and

computational efficiency, and we thus use the 3-layers spectral network and the same initialization strategy and learning

rates as DSKN-3. We set regularization hyperparameters as λ1 = 1e− 8, λ2 = 1e− 4 by tuning them via cross-validation and

repeat experiments 10 times with random splits of training and testing set. Fig. 7 reports the mean testing accuracy and

the mean testing loss w.r.t. the training epochs.

In the left of Fig. 7, with the additional regularizers, the test accuracy of DSKN-3 is improved from 31.58% to 32.11%.

The right of Fig. 7 implies that the additional regularizers guide the DSKN-3 model to better fit the unseen data. These

experimental results validate the effectiveness of the proposed learning framework in (10).

5.1.4. The effect of convolutional filters

To directly illustrate the effect of convolutional filters, we only consider convolutional operations in (9) while omitting

pooling layers and skip connections. We compare the generalization performance of DSKN-3 and CSKN with different kernel

sizes 2 × 2, 3 × 3, 4 × 4, 5 × 5, and 6 × 6. For a fair comparison, we stack 3 convolutional filters before the FCN layer and

fix the number of out channels as 20.

As shown in Fig. 8, there are significant performance gaps between fully connected DSKN-3 (32.11%) and convolutional

filters-based CSKN (36.52%+). This illustrates that CSKN can exploit spatial locality using convolutional filters for image

tasks. The predictive accuracy rises first and then decreases as the range of the receptive field increases, where the average

predictive accuracies are 38.35%, 40.84%, 40.77%, 37.63% and 36.52% for the filters 2 × 2, 3 × 3, 4 × 4, 5 × 5, and 6 × 6,

respectively. Note that, CSKN with the filter 3 × 3 achieves the optimal predictive accuracy. When the receptive field is

small, i.e. the filter 2× 2, it can only capture relatively limited local information and ignores more local connectivity. When

12



ARTICLE IN PRESS
JID:ARTINT AID:103803 /FLA [m3G; v1.322] P.13 (1-23)

J. Li, Y. Liu and W. Wang Artificial Intelligence ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

Table 1

Model complexities of DSKN-3 and CSKN with different convolutional filters. Here,

FLOPs are computed for one example rather than the entire dataset.

Complexity DSKN-3 2× 2 3× 3 4× 4 5× 5 6× 6

FLOPs 28.49M 7.82M 18.02M 25.92M 46.20M 56.08M

# Params 28.50M 1.69M 1.71M 1.74M 2.06M 2.09M

the receptive field is too large, for example, 5× 5 and 6 × 6 convolutional filters, CSKN enforces local connectivity patterns

on too many adjacent neurons that also fail to achieve optimal performance.

Since the CSKN with the kernel size 3× 3 achieves the optimal predictive accuracy 40.84% with favorable computational

burdens, CSKN with 3 × 3 convolutional filters is more suitable for the CIFAR100 dataset. Meanwhile, as shown in Table 1,

the fully connected DSKN-3 owns higher computational and storage complexities than CSKN with the filter 3 × 3, which

guarantees CSKN is especially suitable for high computational performance devices, e.g., GPUs. Therefore, the proposed

CSKN cannot only significantly improve the predictive performance but also reduce the computational burdens.

5.2. Results on real-world datasets

In this part, to handle large image classification tasks, we incorporate popular techniques in neural networks including

pooling layers and batch normalization with CSKN and propose an 8-layers VGG-type model named CSKN8. We compare

the modified model with both kernel-based and convolutional neural networks based models as follows:

• CSKN8 uses a similar architecture as VGG-11 [42] without skip connections. It consists of 7 convolutional hidden-layers

with 3 × 3 kernel size for non-linear feature mappings and a FCN layer for the linear classification. The size of feature

maps (the number of out channels) in convolutional layers is 64− 64− 128− 128− 256− 256− 512. We use the batch

normalization for all convolutional layers and 2 × 2 max-pooling layers after the 1st, 3rd, 5th and 7th convolutional

layers. Before the last FCN layer, we also apply a 1× 1 average-pooling layer.

• CRFFNet8 [39,9] stacks stationary random Fourier features (4) rather than non-stationary spectral random features (7)

in the convolutional layers. For a fair comparison, we apply the same architecture for CRFFNet8 as CSKN8 but differ

only in convolutional layers.

• DKL [20,21] trains an exact/approximate inference Gaussian process with a neural network based feature exactor in the

end-to-end manner. Based on its implementation in GpyTorch,3 we also use a medium-sized DenseNet (34-layers) as

the front feature exactor.

• Popular CNN models include VGG-11 [42], ResNet-18 [43], DenseNet-121 [44], and ShuffleNetV2 [45]. We use their

implementations and the pre-trained weights as the initialization in Pytorch.4 The optimizer is Adam and the learning

rate is widely-used 3e − 4.

Remark 7 (The design of CSKN8). The proposed CSKN is a flexible learning framework and can be incorporated with modern

neural networks. For example, one can use (9) as the activation function instead of the Relu 9l(x) = max(0, x) in CNN

models. Note that, VGG [42] is a sequential model and performs well without skip connections and VGG is compatible with

our theoretical findings. ResNet [43] and DenseNet [44] with skip connections and deeper architectures, can improve the

computational efficiency over VGG and relieve the overfitting, but these techniques are beyond the scope of our theoretical

results. For the sake of fair comparison and coincidence with theoretical findings, we devise a VGG-type CSKN8 of the

feature dimensions 64 − 64 − 128 − 128 − 256 − 256 − 512 without skip connections. Compared to VGG-11 with hidden

layers 64 − 128 − 256 − 256 − 512 − 512 − 512 − 512, our proposed CSKN8 and CRFFNet8 employ fewer hidden layers

and smaller feature dimensions, which reduce the computational and storage costs. Even though the proposed CSKN8 is

smaller than VGG-11, the generalization performance of CSKN8 always outperforms that of VGG-11 as shown in Fig. 9

and Tables 3-5, which implies the superiority of non-stationary spectral random features over neural networks with the

Relu activation. Moreover, CSKN8 also defeats other CNN models including ResNet-18 and DenseNet-121 on mediums-sized

datasets and CSKN8 is comparable to ResNet on a large dataset, i.e. TinyImagenet.

We conduct comparison experiments on publicly available image classification datasets without data augmentation, in-

cluding MNIST, FashionMNIST, SVHN, CIFAR10, CIFAR100, and TinyImagenet. Table 2 reports statistical information of these

image classification datasets, where the first four datasets are also built-in in Pytorch.5 Due to the limitation of computa-

tion resources, we use a subset of the ImageNet dataset, a.k.a. TinyImagenet,6 instead of the entire ImageNet dataset. We

train compared models on all datasets with a mini-batch size of 128. The maximum epochs are 300 for the medium-sized

3 https://gpytorch.ai/.
4 https://pytorch.org/vision/stable/models.html.
5 https://pytorch.org/vision/stable/datasets.html.
6 https://www.kaggle.com/c/tiny-imagenet.
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Table 2

The statistics of image classification datasets. One channel means each example is a

grayscale image, while 3 channels correspond to colored image with RGB values.

Dataset # Train # Testing # Channels Images size # classes

MNIST 60000 10000 1 28× 28 10

FashionMNIST 60000 10000 1 28× 28 10

SVHN 73257 26032 3 32× 32 10

CIFAR10 50000 10000 3 32× 32 10

CIFAR100 50000 10000 3 32× 32 100

TinyImagenet 100000 10000 3 64× 64 200

Table 3

Average test accuracy (%) of the last 50 training epochs for each method on image classifica-

tion datasets without data augmentation. Here, we bold the highest predictive accuracies for each

dataset.

Dataset CSKN8 CRFFNet8 DKL ResNet DenseNet VGG ShuffleNet

MNIST 99.54 99.40 99.20 99.48 99.28 99.20 98.87

FashionMNIST 92.70 92.03 91.86 91.90 92.19 92.03 89.29

SVHN 94.29 93.76 93.95 93.26 94.24 92.04 84.75

CIFAR10 89.12 88.42 86.88 84.87 86.57 86.90 71.17

CIFAR100 64.50 60.72 60.97 54.89 59.60 55.71 42.51

TinyImagenet 45.46 43.04 36.29 47.32 54.49 36.27 37.59

Table 4

Mean training time (seconds) of one training epoch / testing time (seconds) on the testing set for each method.

Dataset CSKN8 CRFFNet8 DKL ResNet DenseNet VGG ShuffleNet

MNIST 7.78/0.74 6.59/0.71 36.28/1.01 7.98/0.85 32.68/0.99 24.17/0.90 13.00/0.84

FashionMNIST 8.86/0.75 6.50/0.71 36.74/1.02 7.90/0.85 31.50/0.96 24.39/0.89 12.62/0.83

SVHN 12.67/1.64 6.99/1.58 41.05/2.30 8.93/1.56 38.05/1.73 31.60/1.64 14.66/1.59

CIFAR10 10.95/0.90 6.25/0.89 28.31/1.16 6.90/0.90 26.58/0.98 21.59/0.90 10.84/0.89

CIFAR100 10.09/0.89 9.89/0.88 31.42/1.16 9.99/0.90 27.15/0.97 22.28/0.91 11.03/0.92

TinyImagenet 61.83/1.93 48.67/1.90 148.18/3.34 30.94/1.93 83.39/1.98 67.76/1.94 26.65/1.91

datasets, including MNIST, FashionMNIST, SVHN, CIFAR10, and CIFAR100, while we set the number of epochs as 500 for

TinyImagenet.

We report the testing accuracies versus the training epochs in Fig. 9 and the mean accuracies of the last 50 epochs in

Table 3. As shown in Fig. 9 and Table 3, we find that: 1) The proposed CSKN8 achieves promising predictive accuracies

on image classification tasks, ranking first in 5 datasets except TinyImagenet. It outperforms other kernel-based models on

all datasets and CNN models on medium-sized datasets. Specifically, the proposed CSKN8 is far ahead of the compared

methods on the CIFAR100 dataset, of which the predictive accuracy is 3.53% higher than that of the second method. 2) On

the TinyImagenet dataset, even though the predictive accuracy of CSKN8 is worse than DenseNet and ResNet at epoch 300,

its performance is still on the rise and the gap shrinks as the increase of epochs and closed to that of ResNet at epoch 500.

Meanwhile, although CSKN8 is similar but simpler than VGG-11, it performs much better than VGG on the TinyImagenet

dataset. On the TinyImagenet dataset, the performance of VGG and DKL is not stable since they are prone to optimization

problems for training them on large datasets. 3) CSKN8 adopts a similar architecture as VGG-11 with fewer convolutional

and FCN layers, but CSKN8 achieves much higher predictive accuracy than VGG-11, which validates the effectiveness of

non-stationary spectral kernels and additional regularizers. With skip connections, ResNet and DenseNet outperform VGG,

which validates the effectiveness of skip connections. 4) Compared with other kernel-based methods CRFFNet8 and DKL,

CSKN8 obtain higher predictive accuracies and perform usually more stable. Our implemented CRFFNet8 performs better

than their primal implementations in [39,9]. On relatively hard tasks, i.e. CIFAR100 and TinyImagenet, the performance gaps

between CSKN8 and CRFFNet8 are more obvious. The predictive performance of DKL is more unstable and it performs

worst on the TinyImagenet dataset. 5) The kernel-based models (CSKN8, CRFFNet8, and DKL) achieve higher accuracies

than advanced CNN models on medium-sized datasets but lower accuracies on the TinyImagenet dataset. The cause of

this observation comes from the initialization and the optimization: kernel-based networks make use of periodic activation

functions, i.e. cosine, characterize better expressive ability on small to medium-sized datasets with suitable initialization

[46], but it is hard to tune suitable initialization and optimization hyperparameters for kernel-based networks on large

datasets. However, advanced CNN models consist of Relu activation are much easier to be optimized and they are not very

sensitive to initialization strategy [47,48].

We also report the training/inference times in Table 4 and FLOPs and the number of parameters in Table 5, which

illustrate 1) The training time of CSKN8 is usually less than ShuffleNet on most datasets except TinyImagenet, while DKL

owns the longest training time due to the complicated Gaussian process in the last layer. 2) VGG characterizes the largest

number of parameters and FLOPs, while with fewer layers the proposed CSKN8 owns much fewer parameters, FLOPs, and
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Fig. 9. The test accuracies versus the training epochs of compared methods on MNIST (a), FashionMNIST (b), SVHN (c), CIFAR10 (d), CIFAR100 (e), and

TinyImagenet (f).

training time. 3) The ranking of FLOPs is not consistent with the training time due to the degree of parallel computation.

For example, skip connections and the Gaussian process are relatively unfriendly to parallel computation and thus consume

more training time. 4) The use of skip connections in ResNet and DenseNet reduces computational complexity for much

deeper architectures. 5) The computational complexity of ShuffleNet is the lowest, but its predictive accuracy is also the

lowest.
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Table 5

FLOPs and the number of parameters for compared methods. FLOPs† represents the FLOPs of a MNIST

example with the size 1 × 28 × 28, while FLOPs‡ is the FLOPs of a TinyImagenet example with the size

3× 64× 64.

Dataset CSKN8 CRFFNet8 DKL ResNet DenseNet VGG ShuffleNet

FLOPs† 119.92M 60.08M 73.96M 35.51M 56.87M 271.34M 0.75M

FLOPs‡ 696.15M 348.73M 297.61M 148.46M 233.86M 731.27M 3.40M

# Params 4.74M 2.41M 0.73M 11.18M 6.96M 128.81M 0.35M

Indeed, on medium-size datasets, the proposed VGG-type CSKN8 can lead to remarkably stronger learning ability than

other kernel-based methods and popular CNN models, while its computational complexities are similar to ShuffleNet which

are much lower than that of DKL and other CNN models. In future, ResNet-type / DenseNet-type CSKN with skip connec-

tions may lead to higher predictive accuracy, while ShuffleNet-type CSKN may achieve better tradeoffs between predictive

accuracy and computational efficiency.

6. Conclusions

In this paper, we first integrate the non-stationary spectral kernel with deep convolutional neural network architecture,

which optimizes the spectral density and the estimator together in an end-to-end manner. Then, from the perspective

of generalization analysis, we prove non-stationary spectral kernel characterizes better generalization ability and deeper

architectures lead to tighter error bounds with suitable initialization. Generalization analysis interprets the superiority of

deep architectures and can be applied to general DNNs to improve their interpretability. To verify the theoretical findings, we

conduct extensive ablation experiments to explore the effect of key factors. Besides, we design a VGG-type 8-layer model,

a.k.a. CSKN8, and compare it with the existing deep kernel networks and popular CNN models. Experiments show that

CSKN8 achieves state-of-the-art predictive accuracies on medium-sized image datasets with low computational burdens.

6.1. Discussion and future work

The generalization ability of spectral kernel networks was rarely studied. Using Rademacher complexity, the generaliza-

tion ability of spectral kernels was studied in [10]. The RKHS norm and spectral norm were considered to improve the

generalization ability of neural networks [49,29,50]. Furthermore, [51,52] proposed that the learnability of deep modes

involves both generalization ability and trainability.

Based on the mean field theory, [35,53] revealed that initialization schema determines both the trainability and the

expressivity. Generalization analysis interprets the superiority of deep architectures and can be applied to general DNNs to

improve their interpretability. Intuitively, the generating feature mappings enjoy the following benefits:

• 1) input-dependent (non-stationary spectral kernels).

• 2) output-dependent (backpropagation towards the objective).

• 3) hierarchical represented (deep architecture).

• 4) local correlated (convolutional operators).

Intuitively, the generating feature mappings enjoy the following benefits: 1) input-dependent (non-stationary spectral ker-

nels), 2) output-dependent (backpropagation towards the objective), 3) hierarchical represented (deep architecture), 4) local

correlated (convolutional operators).

While deep convolutional networks succeed in practice, theoretical analyses are overly pessimistic. In this paper, we apply

convolutional operators to the spectral kernel network. We provide the learning algorithm and generalization guarantee for

this network, which are beneficial from the excellent empirical performance of convolutional networks and solid theoretical

foundation of kernel methods. We introduce the generalization theory of kernel methods into deep convolutional networks,

which may inspire the research on the generalization of deep neural networks.

However, there are still a few tackle problems to be settled. For convolutional networks, current theoretical work focus

on group invariance [37], stability [19] and approximation ability [22]. However, these theories can not explain why convo-

lutional architectures work better than fully connected networks. In future work, we will try to explain the generalization

ability of convolutional networks using downsampling [54] and locality. Besides, generalization analysis indicates that the

initialization variance σl should be increased for the growth of depth, while σl decreases as l increases in current mean

field theory work [53,55]. It’s worth exploring the tradeoffs between generalization and optimization in terms of random

initialization. Our work also can be incorporated with Neural Tangent Kernel (NTK) [56] to capture the dynamics of signals

and conduct a simpler kernel.

On the TinyImagenet dataset, the predictive performance of CSKN8 is better than the base model VGG but worse than

DenseNet and ResNet. The reason is that without skip connections VGG-type models cannot be applied to deeper archi-

tectures due to heavy computational costs. In future work, we consider DenseNet-type / ResNet type CSKN with skip

connections to obtain stronger learning ability on complicated datasets, for example ImageNet.
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Appendix A. Proofs

In this section, we first provide proofs for random Fourier features of stationary spectral kernels and non-stationary

spectral kernels, respectively. Then, we derive the generalization error bounds for spectral kernels. Finally, we estimate the

Rademacher complexities for non-stationary spectral kernel and multilayer spectral kernel networks, respectively.

A.1. Random Fourier features approximation

We first prove the approximation between (4) and stationary spectral kernel (5) in Corollary 1.

Proof of Corollary 1. Using the Euler’s formula, we have

eiω
⊤(x−x′) = cos

(
ω⊤(x − x′)

)
+ i sin

(
ω⊤(x − x′)

)
.

Since the kernel function is real-valued, we discard the imaginary part

κ(x, x′)=
∫

X

eiω
⊤(x−x′)s(ω)dω =

∫

X

cos
(
ω⊤(x − x′)

)
s(ω)dω.

Based on Bochner’s theorem, shift-invariant kernels can be represented by

κ(x, x′)

=
∫

X

cos
(
ω⊤x− ω⊤x′

)
s(ω)dω

=
1

2π

2π∫

0

∫

X

(
cos

(
ω⊤x− ω⊤x′

)
+ cos

(
ω⊤x+ ω⊤x′ + 2θ

))
s(ω)dωdθ

=
1

2π

2π∫

0

∫

X

2cos
(
ω⊤x+ θ

)
cos

(
ω⊤x′ + θ

)
s(ω)dωdθ

=2

∫

X

cos
(
ω⊤x+ b

)
cos

(
ω⊤x′ + b

)
s(ω)dω,

where b is uniformly drawn from [0,2π ]. The last two steps use a Trigonometric identity cos(α) cos(β) = 1
2
cos(α − β)+

1
2
cos(α + β) for any α, β ∈ R.

Using Monte Carlo integration, we approximate the shift-invariant kernels with D random samples w.r.t. the distribution

κ(x, x′)≈
2

D

D∑

k=1

[
cos

(
ω⊤

k x+ bk

)⊤
cos

(
ω⊤

k x′ + bk

)]

=

〈√
2

D
[cos(ω⊤

1 x+ b1), · · · , cos(ω⊤
Mx+ bM)],

√
2

D
[cos(ω⊤

1 x′ + b1), · · · , cos(ω⊤
Mx′ + bM)]

〉

17
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=

〈√
2

D

[
cos(�⊤x+ b)

]
,

√
2

D

[
cos(�⊤x′ + b)

]〉

= 〈ψ(x),ψ(x′)〉,

where {ωk}Dk=1

i.i.d.∼ p(ω), {bk}Dk=1

i.i.d.∼ U (0,2π) and we denote the frequency matrix � = [ω1, · · · ,ωD ] and the phase vector

b = [b1, · · · ,bD ]. 2

Using similar proof techniques as in the proofs of Corollary 1, we then prove the approximation between non-stationary

spectral kernel (6) and random Fourier features (7) in Corollary 2.

Proof of Corollary 2. Based on Yaglom’s theorem and Euler’s formula, non-stationary spectral kernels can be represented by

κ(x, x′)

=
1

4

∫

X×X

(
ei(ω

⊤x−ω′⊤x′) + ei(ω
′⊤x−ω⊤x′) + eiω

⊤(x−x′) + eiω
′⊤(x−x′)

)
s(ω,ω′)dωdω′

=
1

4

∫

X×X

(
cos(ω⊤x− ω′⊤x′)+ cos(ω′⊤x− ω⊤x′)

+ cos(ω⊤x− ω⊤x′)+ cos(ω′⊤x− ω′⊤x′)
)
s(ω,ω′)dωdω′

=
1

8π

2π∫

0

∫

X×X

(
cos(ω⊤x− ω′⊤x′)+ cos(ω⊤x+ ω′⊤x′ + 2θ)

+ cos(ω′⊤x− ω⊤x′)+ cos(ω′⊤x− ω⊤x′ + 2θ)

+ cos(ω⊤x− ω⊤x′)+ cos(ω⊤x+ ω⊤x′ + 2θ)

+ cos(ω′⊤x− ω′⊤x′)+ cos(ω′⊤x− ω′⊤x′ + 2θ)
)
s(ω,ω′)dωdω′dθ.

The last step is due to the fact 1
2π

∫ 2π
0 cos(α + 2θ)dθ = 0 for any α ∈ R. Using Trigonometric identity cos(α) cos(β) =

1
2
cos(α − β)+ 1

2
cos(α + β) for any α, β ∈ R, we then have

κ(x, x′)

=
1

4π

2π∫

0

∫

X×X

cos(ω⊤x+ θ) cos(ω′⊤x′ + θ)+ cos(ω′⊤x+ θ) cos(ω⊤x′ + θ)

+ cos(ω⊤x+ θ) cos(ω⊤x′ + θ)+ cos(ω′⊤x+ θ) cos(ω′⊤x′ + θ)dωdω′dθ

=
1

2

∫

X×X

[
cos(ω⊤x+ b)+ cos(ω′⊤x+ b)

][
cos(ω⊤x′ + b)+ cos(ω′⊤x′ + b)

]
dωdω′,

where b is drawn uniformly from [0,2π ]. Then, using Monte Carlo sampling, we approximate the kernel by

κ(x, x′)

≈
1

2D

D∑

k=1

[
cos(ω⊤

k x+ b)+ cos(ω′⊤
k x+ b)

] [
cos(ω⊤

k x′ + b)+ cos(ω′⊤
k x′ + b)

]

=

〈√
1

2D
cos(ω⊤

1 x+ b)+ cos(ω′⊤
1 x+ b), · · · , cos(ω⊤

Dx+ b)+ cos(ω′⊤
D x+ b),

√
1

2D
cos(ω⊤

1 x′ + b)+ cos(ω′⊤
1 x′ + b), · · · , cos(ω⊤

Dx
′ + b)+ cos(ω′⊤

D x′ + b)

〉

=

〈
1

√
2D

[
cos(�⊤x+ b)+ cos(�′⊤x+ b)

]
,

1
√
2D

[
cos(�⊤x′ + b)+ cos(�′⊤x′ + b)

]〉
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= 〈ψ(x),ψ(x′)〉,

where {(ωk,ω
′
k
)}D

k=1

i.i.d.∼ s(ω,ω′), {bk}Dk=1

i.i.d.∼ U (0,2π) and we denote � = [ω1, · · · ,ωD ], �
′ = [ω′

1, · · · ,ω
′
D ] and b =

[b1, · · · ,bD ]. 2

A.2. Generalization guarantees for spectral kernel networks

In this section, we provide detailed proofs for the generalization error bounds of kernel methods, and the empirical

estimates of Rademacher complexities of non-stationary spectral kernels and multilayer spectral networks, respectively.

Rademacher complexity on the hypothesis space is given in Definition 1, but the measure of generalization error bounds

is directly related to the loss function rather than the estimator. Thus, we also define Rademacher complexity on the loss

space as follows.

Definition 2. We define the empirical Rademacher complexity over the loss space Lκ = {ℓ( f (x), y) | f ∈ Hκ } as

R̂(Lκ )=
1

n
Eξ

[
sup
f ∈Hκ

n∑

i=1

ξiℓ( f (xi), yi)

]
,

where ξi are Rademacher variables uniformly distributed over {±1}.

Proposition 1 (Uniform deviation, Lemma A.5 of [31]). For the hypothesis space, it holds

max

(
E sup

f ∈Hκ

(E( f )− Ê( f )),E sup
f ∈Hκ

(Ê( f )− E( f ))

)
≤ 2E R̂(Lκ ).

Proposition 2 (Lemma A.2 of [57]). According to McDiarmid’s inequality, we can state that, for any δ ∈ (0,1) with probability 1− δ:

E R̂(Lκ )≤ R̂(Lκ )+
√

2 log(1/δ)

n
,

sup
f ∈Hκ

[
Ê( f )− E( f )

]
≤ E sup

f ∈Hκ

[
Ê( f )− E( f )

]
+
√

2 log(1/δ)

n
.

Proposition 3 (Lemma 5 of [58]). Assume the loss function ℓ is L-Lipschitz for RK equipped with the 2-norm. Then, the following

inequality holds

R̂(Lκ )≤
√
2LR̂(Hκ ).

Proof of Theorem 1. Since f̂n = argmin f ∈Hκ Ê( f ), the excess risk bound can be decomposed as follows

E( f̂n)− E( f ∗)= E( f̂n)− Ê( f̂n)+ Ê( f̂n)− Ê( f ∗)+ Ê( f ∗)− E( f ∗)

≤ E( f̂n)− Ê( f̂n)+ Ê( f ∗)− E( f ∗)

≤ 2 sup
f ∈Hκ

[
Ê( f )− E( f )

]
.

Using Proposition 2 and Proposition 1, we have

E( f̂n)− E( f ∗)≤ 2 E sup
f ∈Hκ

[
Ê( f )− E( f )

]
+ 2

√
2 log(1/δ)

n

≤ 4 E R̂(Lκ )+ 2

√
2 log(1/δ)

n

≤ 4 R̂(Lκ )+ 6

√
2 log(1/δ)

n
.

Then, with a probability at least 1− δ, by Proposition 3 there holds

E( f̂n)− E( f ∗)≤ 4
√
2LR̂(Hκ )+O

(√ log1/δ

n

)
. (A.1)
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We estimate empirical Rademacher complexity via

R̂(Hκ )=
1

n
Eξ

[
sup
f ∈Hκ

n∑

i=1

K∑

k=1

ξik[ f (xi)]k

]

=
1

n
Eξ

[
sup
f ∈Hκ

〈W ,8ξ 〉

]
,

(A.2)

where W ,8ξ ∈H× RK and 〈W ,8ξ 〉 = Tr(W⊤
8ξ ) and the matrix 8ξ is defined as follows:

8ξ :=

[
n∑

i=1

ξi1φ(xi),

n∑

i=1

ξi2φ(xi), · · · ,
n∑

i=1

ξiKφ(xi)

]
.

Applying Hölder’s inequality and ‖W ‖∗ bounded by a constant B to (A.2), there holds

R̂(Hκ )=
1

n
Eξ

[
sup
f ∈Hκ

〈W ,8ξ 〉

]

≤
1

n
Eξ

[
sup
f ∈Hκ

‖W ‖∗‖8ξ‖F

]
≤

B

n
Eξ

[
‖8ξ‖F

]

≤
B

n
Eξ

[√
‖8ξ‖2F

]
≤

B

n

√
Eξ ‖8ξ‖2F .

Then, we bound Eξ ‖8ξ‖2F as follows

Eξ ‖8ξ‖2F ≤ Eξ

K∑

k=1

∥∥∥
n∑

i=1

ξikφ(xi)

∥∥∥
2

2

≤
K∑

k=1

Eξ

∥∥∥
n∑

i=1

ξikφ(xi)

∥∥∥
2

2

≤
K∑

k=1

Eξ

n∑

i,k=1

ξikξ jk
[
〈φ(xi),φ(x j)〉

]

= K

n∑

i=1

〈φ(xi),φ(xi)〉.

The last step is due to the symmetry of the kernel κ(x, x′) = 〈φ(xi),φ(xi)〉. We finally bound the empirical Rademacher

complexity

R̂(Hκ )≤
B

n

√√√√K

n∑

i=1

〈φ(xi),φ(xi)〉 (A.3)

where B = sup f ∈Hκ ‖W ‖∗ . Substituting the above in equation (A.3) to (A.1), we complete the proof. 2

Suppose the sample is drawn from a norm distribution X ∼ N(µ,6), then its characteristic function holds

E[eit
T X ] = exp

(
iµ⊤t −

1

2
t⊤6t

)
(A.4)

We then estimate the empirical Rademacher complexity for single-layer non-stationary spectral kernels.

Proof of Theorem 2. From the non-stationary spectral kernels (6), the diagonals admit

κ(x, x)=
1

2
+

1

2

∫

X×X

ei(ω−ω′)⊤xµ(dω,dω′)

=
1

2
+

1

2
Eω,ω′

[
ei(ω−ω′)⊤x

]
.

(A.5)
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Since two multivariate normal random variables ω ∼N (0,σ 2I) and ω ∼N (0,σ ′2I) are independent, we can obtain

ω − ω′ ∼ N

(
0, (σ 2 + σ ′2)I

)
.

Using the characteristic function (A.4), we have

Eω,ω′

[
ei(ω−ω′)⊤x

]

= exp

{
i 0⊤x−

1

2
(σ 2 + σ ′2)x⊤x

}

= exp

{
−

1

2
(σ 2 + σ ′2)x⊤x

}
.

(A.6)

Combining (A.5) and (A.6), we can compute the trace of non-stationary spectral kernel matrix

n∑

i=1

κ(xi, xi)=
n∑

i=1

1

2

[
1+ exp

{
−

1

2
(σ 2 + σ ′2)x⊤

i xi

}]
.

Substituting the above equation to (11), we finish the proof. 2

Finally, we derive the upper bounds for deep non-stationary spectral kernels that illustrate the superiority of deeper

architectures.

Proof of Theorem 3. Similar to the proof of Theorem 2, by initializing ωl ∼ N (0,σ 2
l
I) and ω′

l
∼ N (0,σ ′2

l
I), we obtain the

distribution of two normally distributed variables ωl and ω′
l
, such that

ωl − ω′
l ∼ N

(
0, (σ 2

l + σ ′2
l )I

)
.

Therefore, using the characteristic function (A.4), we estimate the spectral kernel for the l-th layer for any x ∈X

κl(x, x)=
1

2
+

1

2

∫

X×X

ei(ωl−ω′
l
)⊤φl−1(x)µ(dωl,dω

′
l)

=
1

2
+

1

2
exp

{
−

1

2
(σ 2

l + σ ′2
l )φl−1(x)

⊤φl−1(x)

}

=
1

2
+

1

2
exp

{
−

1

2
(σ 2

l + σ ′2
l )κl−1(x, x)

}
.

(A.7)

By setting the variances of independent Gaussian distributions as

(σ 2
l + σ ′2

l )≥ −
2 log [2κl−1(x, x)− 1]

κl−1(x, x)
,

we have

κl(x, x)=
1

2
+

1

2
exp

{
−

1

2
(σ 2

l + σ ′2
l )κl−1(x, x)

}
≤ κl−1(x, x).

Therefore, we complete the proof. 2
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